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Abstract

A hypermap is (hypervertex-) bipartite if its hypervertices can be 2-colouredin
such a way that \neighbouring" hyperverticeshave di�eren t colours. It is bipartite-
uniform if within each of the setsof hyperverticesof the samecolour, hyperedgesand
hyperfaces,all the elements havethe samevalency. The 
ags of a bipartite hypermap
are naturally 2-coloured by assigning the colour of its adjacent hypervertices. A
hypermap is bipartite-regular if the automorphism group acts transitiv ely on each
set of coloured 
ags. If the automorphism group acts transitiv ely on the set of
all 
ags, the hypermap is regular. In this paper we classify the bipartite-uniform
hypermaps on the sphere(up to dualit y). Two constructions of bipartite-uniform
hypermaps are given. All bipartite-uniform spherical hypermaps are shown to be
constructed in this way. As a by-product we show that every bipartite-uniform
hypermap H on the sphereis bipartite-regular. We also compute their irregularit y
group and index, and also their closurecover H � and covering core H � .

1 In tro duction

A map generalisesto a hypermap when we remove the requirement that an edgemust
join two verticesat most. A hypermap H can be regardedas a bipartite map whereone
of the two monochromatic setsof vertices represent the hypervertices and the other the
hyperedgesof H . In this perspective hypermapsare cellular embeddingsof hypergraphs
on compact connectedsurfaces(two-dimensionalcompact connectedmanifolds) without
boundary � in this paper we deal only with the boundary-freecase.
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through \Programa OperacionalCiência,Tecnologia,Inova�c~ao" (POCTI) of the \F unda�c~aopara a Ciência
e a Tecnologia" (FCT), co�nanced by the European Communit y fund FEDER.
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Usually classi�cationsin map/hypermaptheory arecarriedout by genus,by number of
faces,by embeddingof graphs,by automorphismgroupsor by some�xed propertiessuch
asedge-transitivity. SinceKlein and Dyck [13, 11] { wherecertain 3-valent regular maps
of genus 3 were studied in connection with constructions of automorphic functions on
surfaces{ most classi�cations of maps(and hypermaps) involve regularity or orientably-
regularity (direct-regularity). The orientably-regular maps on the torus (in [10]), the
orientably-regular embeddingsof completegraphs (in [15]), the orientably-regular maps
with automorphismgroupsisomorphicto PSL(2; q) (in [21]) and the bicontactual regular
maps (in [26]), are examplesto namebut a few. The just-edge-transitive maps of Jones
[18] and the classi�cation by Siran, Tucker and Watkins [22] of the edge-transitive maps
on the torus, on the other hand, includeanotherkind of \regularit y" other than regularity
or orientably-regularity. According to Graver and Wakins [17], an edgetransitive map
is determined by 14 types of automorphism groups. Among these, 11 correspond to
\restricted regularity" [1]. Jones's\just-edge-transitive" mapscorrespond to � 0̂2̂-regular
maps of \rank 4", where � 0̂2̂ is the normal closureof hR1; R0R2i of index 4 in the free
product � = C2 � C2 � C2 generatedby the 3 re
ections R0, R1 and R2 on the sidesof a
hyperbolic triangle with zerointernal angles;\rank 4" meansthat it is not �-regular for no
normal subgroup� of � of index < 4. Moreover, the automorphismgroup of the toroidal
edge-transitive maps realise7 of the above 14 family-types [22]; they all correspond to
restrictedly regular maps, namely of ranks 1 [the regular maps], 2 [the just-orientably-
regular (or chiral) maps, the just-bipartite-regular maps, the just-face-bipartite-regular
maps and the just-Petrie-bipartite-regular maps] and 4 [the just-� + 0̂-regular maps and
the just-� + 2̂-regular maps](see[1]).

In this paper we classify the \bipartite-uniform" hypermapson the sphere. They all
turn out to be \bipartite-regular". A hypermap H is bipartite if its hyperverticescan be
2-colouredin such a way that \neighbouring" hypervertices have di�erent colours. It is
bipartite-uniform if the hyperverticesof onecolour, the hyperverticesof the other colour,
the hyperedgesand the hyperfaceshave commonvalenciesl1, l2, m and n respectively.
The 
ags of a bipartite hypermaparenaturally 2-colouredby assigningthe colour of their
adjacent hypervertices. A bipartite hypermap is bipartite-regular if the automorphism
group acts transitively on each set of coloured 
ags. If the automorphism group acts
transitively on the whole set of 
ags the hypermap is regular. Bipartite-regularit y corre-
sponds to � 0̂-regularity [1] where � 0̂, a normal subgroupof index 2 in �, is the normal
closureof the subgroupgeneratedby R1 and R2.

We also compute the irregularity group and the irregularity index of the bipartite-
regular hypermapsH on the sphereaswell astheir closurecover H � (the smallestregular
hypermap that covers H) and their covering coreH � (the largest regular hypermap cov-
ered by H). Regular hypermaps on the sphere(see x1.4) are up to a S3-duality (see
x1.3) regular maps and these are the �v e Platonic solids plus the two in�nite families
of type (2; 2;n) and (n; n; 1), and their duals. An interesting well known fact, which
comesfrom the \univ ersality" of the sphere, is that uniform hypermapson the sphere
are regular. According to [1] this translates to \�-uniformit y in the sphereimplies �-
regularity". We may now ask for which normal subgroups� of �nite index in � do
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we still have \�-uniformit y in the sphereimplies �-regularit y", oncethe meaningof �-
uniformit y is understood? As a byproduct of the classi�cation we show in this paper
that bipartite-uniformit y (that is, � 0̂-uniformity) still implies bipartite-regularit y (that
is, � 0̂-regularity). � 0̂ is just oneof the seven normal subgroupswith index 2 in �. The
others are � 1̂ = hR0; R2i � , � 2̂ = hR0; R1i � , � 0 = hR0; R1R2i � , � 1 = hR1; R0R2i � ,
� 2 = hR2; R0R1i � and � + = hR1R2; R2R0i (see[4] for more details). As the notation
indicates they are grouped into three families, within which they di�er by a dual oper-
ation. This duality says that the result is still valid if we replace� 0̂ by � 1̂ or � 2̂. For
� = � 0; � 1; � 2, and � + , �-uniformit y is the sameas uniformit y, and since regularity
implies �-regularit y, on the sphere�-uniformit y implies �-regularit y for any subgroup�
of index 2 in �. At the end, asa �nal comment, we show that on each orientable surface
we can �nd always bipartite-chiral (that is, irregular bipartite-regular) hypermaps.

1.1 Hyp ermaps

A hypermap is combinatorially described by a four-tuple H = (
 H ; h0; h1; h2) where 
 H

is a non-empty �nite set and h0; h1; h2 are �xed-p oint free involutory permutations of 
 H

generatinga permutation group hh0; h1; h2i acting transitively on 
 H . The elements of

 H are called 
ags, the permutations h0, h1 and h2 are called canonical generators and
the group Mon(H) = hh0; h1; h2i is the monodromy group of H . Onesays that H is a map
if (h0h2)2 = 1. The hypervertices (or 0-faces) of H correspond to hh1; h2i -orbits on 
 H .
Likewise,the hyperedges(or 1-faces) and hyperfaces (or 2-faces) correspond to hh0; h2i
and hh0; h1i -orbits on 
 H , respectively. If a 
ag ! belongsto the corresponding orbit
determining a k-facef we say that ! belongsto f , or that f contains ! .

We �x f i; j; kg = f 0; 1; 2g. The valency of a k-face f = whhi ; hj i , where ! 2 
 H , is
the least positive integer n such that (hi hj )n 2 Stab(w). Sincehi 6= 1 and hj 6= 1, hi hj

generatesa normal subgroupwith index two in hhi ; hj i . It followsthat jhhi ; hj ij = 2jhhi hj ij
and sothe valencyof a k-faceis equal to half of its cardinality. H is uniform if its k-faces
have the samevalencynk , for each k 2 f 0; 1; 2g. We say that H has type (l; m; n) if l , m
and n are, respectively, the least commonmultiples of the valenciesof the hypervertices,
hyperedgesand hyperfaces.The characteristic of a hypermap is the Euler characteristic
of its underlying surface,the imbeddingsurfaceof the underlying hypergraph(seeLemma
3 for a combinatorial de�nition).

A covering from a hypermapH = (
 H ; h0; h1; h2) to anotherhypermapG = (
 G; g0; g1,
g2) is a function  : 
 H ! 
 G such that hi  =  gi for all i 2 f 0; 1; 2g. The transitive
action of Mon(G) on 
 G implies that  is onto. By von Dyck's theorem([16, pg 28]) the
assignment hi 7! gi extendsto a group epimorphism 	 : Mon(H) ! Mon(G) called the
canonical epimorphism. The covering  is an isomorphismif it is injective. If there exists
a covering  from H to G, we say that H covers G or that G is covered by H; if  is an
isomorphismwe say that H and G are isomorphic and write H �= G. An automorphismof
H is an isomorphism : 
 H ! 
 H from H to itself; that is, a function  that commutes
with the canonicalgenerators.The set of automorphismsof H is represented by Aut( H).
As a direct consequenceof the EuclideanDivision Algorithm we have:
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Lemma 1. Let  : 
 H ! 
 G be a covering from H to G and ! 2 
 H . Then the valency
of the k-face of G that contains !  dividesthe valencyof the k-face of H that contains ! .

Of the two groupsMon(H) and Aut( H) the �rst actstransitively on 
 = 
 H (by de�ni-
tion) and the second,due to the commutativit y of the automorphismswith the canonical
generators,acts semi-regularly on 
; that is, the non-identit y elements of Aut( H) act
without �xed points. A transitive semi-regularaction is called a regular action. These
two actions give rise to the following inequalities:

jMon(H)j � j
 j � jAut( H)j :

Moreover, each of the above equalitiesimplies the other. An equality in the �rst of these
inequalities implies that M on(H) acts semi-regularly (hence regularly) on 
, while an
equality on the secondimplies that Aut (H) acts transitively (henceregularly) on 
. If
Mon(H) acts regularly on 
, or equivalently if Aut( H) acts regularly on 
, the hypermap
H is regular.

Each hypermap H gives rise to a permutation representation � H : � ! Mon(H),
Ri 7! hi , where � is the free product C2 � C2 � C2 with presentation � = hR0; R1; R2 j
R0

2 = R1
2 = R2

2 = 1i . The group � acts naturally and transitively on 
 H via � H . The
stabiliser H = Stab� (! ) of a 
ag ! 2 
 H under the action of � is called the hypermap
subgroup of H ; this is unique up to conjugation in �. The valencyof a k-facecontaining
! is the least positive integer n such that (Ri Rj )n 2 H ; more generally, the valencyof a
k-facecontaining the 
ag � = ! � g = ! (g)� H 2 
 H , where g 2 �, is the least positive
integer n such that (Ri Rj )n 2 Stab� (� ) = Stab� (! � g) = Stab� (! )g = H g.

Denoteby Alg(H) = (� =r H ; a0; a1; a2) whereai : � =r H ! � =r H , H g 7! H gH � Ri =
H gRi . It is easyto seethat Alg(H) �= H . Wesay that Alg(H) is the algebraic presentation
of H . Moreover, it is well known that:

1. A hypermap H is regular if and only if its hypermap subgroupH is normal in �.

2. A regular hypermap is necessarilyuniform.

SinceAlg(H) and H are isomorphic,we will not di�erentiate one from the other.

Following [1], if H < � for a given � � �, we say that H is � -conservative. A
� + -conservative hypermap is better known as an orientable hypermap. An automor-
phism of an orientable hypermap either preserves the two � + -orbits or permutes them.
Those that preserve � + -orbits are called orientation-preserving automorphisms. The
set of orientation-preserving automorphismsis a subgroupof Aut( H) and is denotedby
Aut + (H ). If H is � 0̂-conservative (resp. � 1̂-conservative, resp. � 2̂-conservative) we say
that H is bipartite, vertex-bipartite or 0-bipartite (resp. edge-bipartite or 1-bipartite, resp.
face-bipartite or 2-bipartite ).

Lemma 2. If H is bipartite and ! 2 
 H , then the valenciesof the hyperedge and the
hyperface that contain ! must be even.
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Proof. If m and n are the valenciesof the hyperedgeand the hyperface that contain
! = H d, d 2 �, then (R2R0)m ; (R0R1)n 2 H d � � 0̂. Therefore m and n must be
even.

If H � � + , we say that H is orientably-regular. If H � � 0̂ (resp. H � � 1̂ and
H � � 2̂), we say that H is vertex-bipartite-regular (resp. edge-bipartite-regular and face-
bipartite-regular). If H is vertex-bipartite-regular (resp. edge-bipartite-regular, resp.
face-bipartite-regular)but not regular,wesay that H is vertex-bipartite-chiral (resp. edge-
bipartite-chiral, resp. face-bipartite-chiral). We will use bipartite-regular and bipartite-
chiral in placeof vertex-bipartite-regular and vertex-bipartite-chiral for short.

A bipartite-uniform hypermap is a bipartite hypermapsuch that all the hypervertices
in the same� 0̂-orbit havethe samevalency, asdo all the hyperedgesandall the hyperfaces.
The bipartite-type of a bipartite-uniform hypermap H is a four-tuple (l1; l2; m; n) (or
(l2; l1; m; n)) where l1 and l2 (l1 � l2) are the valencies(not necessarilydistinct) of the
hypervertices of H , m is the valency of the hyperedgesof H and n is the valency of the
hyperfacesof H . We note that if H is a bipartite-uniform hypermap of bipartite-t ype
(l1; l2; m; n), then m and n must be even by Lemma 2.

1.2 Euler form ula for uniform hyp ermaps

Using the well known Euler formula for maps one easily gets the following well known
result:

Lemma 3 (Euler form ula for hyp ermaps). Let H be a hypermapwith V hypervertices,
E hyperedgesand F hyperfaces. If H has underlying surface S with Euler characteristic
� , then � = V + E + F � j 
 H j

2 . (Seefor example[28] and the referencestherein.)

If H is uniform of type (l; m; n), then V = j 
 H j
2l , E = j 
 H j

2m and F = j 
 H j
2n . Replacing

the valuesof V, E and F in the last formula, we get:

Corollary 4 (Euler form ula for uniform hyp ermaps).

� =
j
 H j

2

�
1
l

+
1
m

+
1
n

� 1
�

:

1.3 Dualit y

A non-inner automorphism  of � (that is, an automorphism not arising from a con-
jugation) gives rise to an operation on hypermaps by transforming a hypermap H =
(� =r H; H � R0; H � R1; H � R2), with hypermap-subgroupH , into its operation-dual

D  (H ) = (� =r H  ; (H  )
�

R0; (H  )
�

R1; (H  )
�

R2)

= (� =r H  ; H �  R0; H �  R1; H �  R2)

with hypermap-subgroupH  (see[14, 19, 20] for more details). Note that if  is inner,
then D  (H ) is isomorphicto H . In particular, each permutation � 2 Sf 0;1;2gnf idg induces
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a non-inner automorphism � � : � � ! � by assigningRi 7! Ri� , for i = 0; 1; 2. This au-
tomorphism inducesan operation D � on hypermapsby assigningthe hypermap-subgroup
H of H to a hypermap-subgroupH � � . Such an operator transforms each hypermap
H = (
 H ; h0; h1; h2) into its � -dual D � (H ) �= (
 H ; h0� � 1 ; h1� � 1 ; h2� � 1 ). We note that the
k-facesof H are the k� -facesof D � (H ). From this note and the de�nition of � -duality
oneeasily get the following properties of D � .

Lemma 5 (Prop erties of D � ). Let H , G be two hypermapsand � ; � 2 Sf 0;1;2g. Then (1)
D1(H ) = H, where 1 = id 2 Sf 0;1;2g; (2) D � (D � (H )) = D � � (H ); (3) If H coversG, then
D � (H ) coversD � (G); (4) If H �= G, then D � (H ) �= D � (G); (5) If H is uniform, then
D � (H ) is uniform; (6) If H is k-bipartite-uniform, then D � (H ) is k� -bipartite-uniform;
(7) If H is regular, then D � (H ) is regular; (8) If H is k-bipartite-regular, then D � (H )
is k� -bipartite-regular; (9) Both H and D � (H ) havesameunderlying surface.

1.4 Spherical uniform hyp ermaps

A hypermapH is spherical if its underlying surfaceis a sphere(i.e if its Euler characteristic
is 2). By taking l � m � n and � = 2 in the Euler formula one easily seesthat l < 3.
A simple analysisto the above inequality leadsus to the following table of possibletypes
(up to duality):

l m n V E F j
 H j Mon(H) H Aut + (H )
1 k k k 1 1 2k Dk D(02) (Dk) Ck

2 2 k k k 2 4k Dk � C2 Pk Ck

2 3 3 6 4 4 24 S4 D(01) (T ) A4

2 3 4 12 8 6 48 S4 � C2 D(01) (C) S4

2 3 5 30 20 12 120 A5 � C2 D(01) (D) A5

Table 1: Possiblevalues(up to duality) for type (l; m; n).

Lemma 6. All uniform hypermapson the sphere are regular.

This result arises becauseeach type (l; m; n) in Table 1 determines a cocompact
subgroup H = h(R1R2) l ; (R2R0)m ; (R0R1)n i � with index j
 H j in the free product � =
C2 � C2 � C2 generatedby R0, R1 and R2.

Let T , C, O, D and I denotethe 2-skeletonsof the tetrahedron, the cube, the octahe-
dron, the dodecahedronand the icosahedron.Theseare, up to isomorphism,the unique
uniform hypermapsof type (3; 2;3), (3; 2;4), (4; 2;3), (3; 2;5) and (5; 2;3) respectively, on
the sphere;note that O �= D(02) (C) and I �= D(02) (D). Togetherwith the in�nite families
of hypermapsDn with monodromy group Dn and Pn with monodromy group Dn � C2

(n 2 N), of types (n; n; 1) and (2; 2;n), respectively, they complete, up to duality and
isomorphism,the uniform sphericalhypermaps.
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Dn Pn

The last column of Table 1 displays the uniform sphericalhypermaps(which are regular
by last lemma) of type (l; m; n) with l � m � n.

Lemma 7. If H is a hypermap such that all hyperfaces have valency 1, then H is the
\dihedral" hypermap Dn , a regular hypermap on the sphere with n hyperfaces.

Proof. Let H be a hypermap-subgroupof H . All hyperfaceshaving valency 1 implies
that R0R1 2 H d for all d 2 � (i.e., R0R1 stabilisesall the 
ags). Then H hR1; R2i =
H hR0; R2i = H hR0; R1; R2i = � =r H = 
; that is, H has only one hypervertex and one
hyperedge.HenceH �= Dn , wheren is the valencyof the hyperedgeand the hyperfaceof
H .

2 Constructing bipartite hyp ermaps

By the Reidemeister-Schreier rewriting process[16] it can be shown that

� 0̂ �= C2 � C2 � C2 � C2 = hR1i � hR2i � hR1
R0 i � hR2

R0 i :

As a consequencewe have an epimorphism' : � 0̂ � ! �.
Any such epimorphism' inducesa transformation (not an operation) of hypermaps,

by transforming each hypermap H = (
 H ; h0; h1; h2) with hypermap subgroupH into a
hypermap H ' � 1

= (
; t0; t1; t2) with hypermap subgroupH ' � 1.

H ' � 1

8
>>>>>><

>>>>>>:

�
2

� 0̂
' //�

H ' � 1 //H

9
>>>=

>>>;

H

Algebraically, H ' � 1
= (� =r H ' � 1; s0; s1; s2) with si = (H ' � 1) � Ri acting on 
 = � =r H ' � 1

by right multiplication. Here (H ' � 1) � denotesthe core of H ' � 1 in �. In the following
lemma we list three elementary, but useful,properties of this transformation ' .

Lemma 8. Let g 2 � , W = (H ' � 1)
�

w 2 � =(H ' � 1)
�

= Mon(H ' � 1
) and H ' � 1g 2 
 be

a 
ag of H ' � 1
. Then,

(1) If g 2 � 0̂, then (H ' � 1)g = H g' ' � 1. If g 62� 0̂, then (H ' � 1)g =
�
H (gR0 )' ' � 1

� R 0
.
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(2) (H ' � 1)� 0̂ = H � ' � 1 and (H ' � 1)
�

= H � ' � 1 \ (H � ' � 1)
R 0

.

(3) W 2 Stab(H ' � 1g) , w 2 (H ' � 1)g ,

(
w' 2 H g' ; if g 2 � 0̂

wR0 ' 2 H (gR0 )' ; if g 62� 0̂ .
Moreover,

W 2 Stab(H ' � 1g) implies that w 2 � 0̂.

Proof. (1) If g 2 � 0̂, then x 2 H g' ' � 1 , x' 2 H g' , (x' )(g' )� 1
= (x' )g� 1 ' = xg� 1

' 2

H , x 2 (H ' � 1)g. If g 62� 0̂, then gR0 2 � 0̂ and so (H ' � 1)g =
�
(H ' � 1)(gR0 )

� R 0
=

�
H (gR0)' ' � 1

� R 0
.

(2) Since' is onto, the above item translates into thesetwo results.

(3) W 2 Stab(H ' � 1g) = Stab(H ' � 1)g , w 2 (H ' � 1)g. SinceH ' � 1 � � 0̂, this implies
that w 2 � 0̂.

If g 2 � 0̂, then w 2 (H ' � 1)g (1)
= H g' ' � 1 , w' 2 H g' .

If g 62� 0̂, then gR0 2 � 0̂ and so, by above, w 2 (H ' � 1)g , wR0 2 (H ' � 1)gR0 ,
(wR0 )' 2 H (gR0 )' .

Remark: For simplicity we will not distinguish W from w, and sowe will seeW asa word
on R0, R1 and R2 in � instead of a cosetword (H ' � 1)

�
w.

Theorem 9. If H �= G' � 1
for somehypermap G, then � 0̂-Mon(H) �= Mon(G).

Proof. By Lemma 8(2) we deducethat
� 0̂-Mon(H) = � 0̂=H� 0̂ = � 0̂=(G' � 1)� 0̂ = � 0̂=G� ' � 1 �= � =G� = Mon(G).

Among many possiblecanonicalepimorphisms' : � 0̂ ! �, there are two that induce
transformations preservingthe underlying surface,namely ' W and ' P de�ned by

R1' W = R1; R2' W = R2; R1
R0 ' W = R0; R2

R0 ' W = R2;

R1' P = R1; R2' P = R2; R1
R0 ' P = R0; R2

R0 ' P = R0:

Denoteby Wal(H) the hypermapH ' W
� 1

and by Pin (H) the hypermapH ' P
� 1

. Wal(H) is
a map; in fact, since(R0R2)2 = R2

R0 R2 and ((R0R2)2)R0 = R2R2
R0 wehave(R0R2)2' W =

((R0R2)2)R0 ' W = 1, and hence,by Lemma 8(3), for all g 2 �, (R0R2)2 2 Stab(H ' W
� 1g).

Both hypermapsWal(H) andPin (H) havethe sameunderlying surfaceasH but while
Wal(H) is a map (bipartite map sinceH ' W

� 1 � � 0̂), the well known Walshbipartite map
of H [24, 4], Pin (H) is not necessarilya map.
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Pin(H)

Wal( H)

H

v e

v e

v e

Figure 1: Topological construction of Wal(H) and Pin (H).

Theorem 10 (Prop erties of ' W ). Let H be a hypermap. Then:

1. H is uniform of type (l; m; n) if and only if Wal(H) is bipartite-uniform of bipartite-
type (l; m; 2;2n) if l � m or (m; l; 2;2n) if l � m;

2. H is regular if and only if Wal(H) is bipartite-regular.

Proof. Let H be a hypermap subgroup of H . Then H ' W
� 1 is a hypermap subgroup of

Wal(H).

(10.1) () ) Let us supposethat H is uniform of type (l; m; n). Note �rst that

R1R2 = (R1R2)' W ; (1)

R0R2 = (R1
R0 R2

R0 )' W = (R1R2)R0 ' W ; (2)

R0R1 = (R1
R0 R1)' W = (R0R1)2' W : (3)

Let W denotea word in R0, R1, R2 and ! g 2 
 W al(H ) be any 
ag (g 2 �). We already
know that the valency of the hyperedgecontaining ! g is 2 (Wal(H) is a map) and that
the valency of the hyperfacecontains ! g is even. Let l0 and n0 be the valenciesof the
hypervertex and the hyperfacecontaining ! g, respectively.

(1) g 2 � 0̂. From (1) and Lemma8(1) we have (R1R2)k 2 H g' W if and only if (R1R2)k 2
H g' W ' W

� 1 = (H ' W
� 1)g; that is, accordingto Lemma 8(3),

(R1R2)k 2 Stab(H (g' W )) , (R1R2)k 2 Stab((H ' W
� 1)g) : (4)

Analogously, from (3) we get (R0R1)k 2 H g' W if and only if (R0R1)2k 2 H g' W ' W
� 1 =

(H ' W
� 1)g that is, accordingto Lemma 8(3),

(R0R1)k 2 Stab(H (g' W )) , (R0R1)2k 2 Stab((H ' W
� 1)g) : (5)

Now the uniformit y of H implies l0 = l and n0 = 2n.

(2) g =2 � 0̂. SincegR0 2 � 0̂ we get from (2),

(R0R2)k 2 H (gR0 )' W , ((R1R2)R0 )k 2 H (gR0)' W ' W
� 1 = (H ' W

� 1)gR0

, (R1R2)k 2 (H ' W
� 1)g ;
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and from (3),

(R0R1)k 2 H (gR0 )' W , (R0R1)2k 2 H gR0 ' W ' W
� 1 = (H ' W

� 1)gR0

, (R1R0)2k 2 (H ' W
� 1)g :

This implies that

(R0R2)k 2 Stab(H (gR0)' W ) , (R1R2)k 2 Stab(H ' W
� 1g); (6)

(R0R1)k 2 Stab(H (gR0)' W ) , (R1R0)2k 2 Stab(H ' W
� 1g): (7)

Likewise,the uniformit y of H now implies that l0 = m and n0 = 2n.

Combining (1) and (2) and assuming,without lossof generality, that l � m, we �nd that
Wal(H) is bipartite-uniform of bipartite-t ype (l; m; 2;2n).

(( ) Let us assumethat Wal(H) is bipartite-uniform of bipartite-t ype (l; m; 2;2n). Being
bipartite, Wal(H) has two orbits of vertices: the \black" vertices, all with valency l
(say), and the \white" vertices, all with valency m. Without loss of generality, all the

ags H ' W

� 1g, g 2 � 0̂, are adjacent to \black" vertices while all the 
ags H ' W
� 1gR0,

g 2 � 0̂, are adjacent to \white" vertices. As seenbefore, the equivalence(1) for g 2 � 0̂

givesrise to the equivalence(4), which expressesthe fact that all the hyperverticesof H
have the samevalency l; the equivalence(2) for g 62� 0̂ givesrise to the equivalence(6),
which says that all the hyperedgesof H have the samevalencym; �nally , the equivalence
(3) gives rise to the equivalence(5) if g 2 � 0̂ or the equivalence(7) if g 62� 0̂, and they
expressthe fact that all the hyperfacesof H have the samevalencyn. HenceH is uniform
of type (l; m; n) (or (m; l; n) sincethe positional order of l and m in the bipartite-t ype of
Wal(H) is orderedby increasingvalue).

(10.2) H is regular , H � � , H ' W
� 1 � � 0̂ , Wal(H) is bipartite-regular since' W is

an epimorphism.

Theorem 11. H is a bipartite map if and only if H �= Wal(G) for somehypermap G.

Proof. Only the necessarycondition needsto beproved. If H is a bipartite map, then H �
� 0̂. SinceH is a map, ((R0R2)2)g 2 H for all g 2 �; thereforeker ' W = h(R0R2)2i � 0̂

� H .
This implies that H ' W ' W

� 1 = H ker ' W = H and henceH �= Wal(G) where G is a
hypermap with hypermap subgroupG = H ' W .

Theorem 12 (Prop erties of ' P ). Let H be a hypermap. Then,

1. Pin (H) is a bipartite hypermap such that all hypervertices in one � 0̂-orbit have
valency1;

2. H is uniform of type (l; m; n) if and only if Pin (H) is bipartite-uniform of bipartite-
type (1; l ; 2m; 2n);

3. H is regular if and only if Pin (H) is bipartite-regular.
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Proof. Let H be a hypermap subgroup of H . Then H ' P
� 1 is a hypermap subgroup of

Pin (H).

(1) Pin (H) is bipartite sinceH ' P
� 1 � � 0̂. We have (R1R2)R0 ' P = (R1

R0 R2
R0 )' P = 1;

therefore,by Lemma 2 (2), R1R2 2 Stab(H ' P
� 1g) for all g 62� 0̂, i.e, all hypervertices in

the same� 0̂-orbit of the hypervertex containing the 
ag H ' P
� 1R0 have valency1.

(2) Let us supposethat H is uniform of type (l; m; n). We proceedsimilarly as for ' W ,
keepingin mind that all hypervertices of Pin (H) adjacent to 
ags H ' P

� 1g, for g 62� 0̂,
have valency1. Starting from the equalities,

R1R2 = (R1R2)' P ;
R0R2 = (R2

R0 R2)' P = (R0R2)2' P ;
R0R1 = (R1

R0 R1)' P = (R0R1)2' P :

onegets the following equivalences,

(R1R2)k 2 Stab(H g' P ) , (R1R2)k 2 Stab(H ' P
� 1g); 8 g 2 � 0̂ ;

(R0R2)k 2 Stab(H g' P ) , (R0R2)2k 2 Stab(H ' P
� 1g); 8 g 2 � 0̂ ;

(R0R2)k 2 Stab(H (gR0)' P ) , (R2R0)2k 2 Stab(H ' P
� 1g); 8 g 62� 0̂ ;

(R0R1)k 2 Stab(H g' P ) , (R0R1)2k 2 Stab(H ' P
� 1g); 8 g 2 � 0̂ ;

(R0R1)k 2 Stab(H (gR0)' P ) , (R1R0)2k 2 Stab(H ' P
� 1g); 8 g 62� 0̂ :

This clearly shows that Pin (H) is bipartite-uniform of bipartite-t ype (1; l ; 2m; 2n). Re-
ciprocally, if P in (H) is bipartite-uniform of bipartite-t ype (1; l ; 2m; 2n) then, reversing
the above argument in a similar way as we did for Wal(H) in the proof of Theorem 10,
we easilyconcludethat H is uniform of type (l; m; n).

(3) Since' P is an epimorphism, H is regular , H � � , H ' P
� 1 � � 0̂ , P in (H) is

bipartite-regular.

Theorem 13. If H is a bipartite hypermap such that all hypervertices in one � 0̂-orbit
havevalency1, then H �= Pin (G) for somehypermap G.

Proof. As in Theorem 13, only the necessarycondition needsto be proved. Let H be
a hypermap subgroup of H . By taking H R0 instead of H if necessary, we may as-
sume,without lossof generality, that all hyperverticesin the � 0̂-orbit of the hypervertex
that contains the 
ag H R0 have valency 1, i.e, R1R2 2 H R0g for all g 2 � 0̂. Then
((R1R2)R0 )h 2 H for all h 2 � 0̂; therefore ker ' P = h(R1R2)R0 i � 0̂

� H . This implies
that H ' P '

� 1

P
= H ker' P = H and henceH �= Pin (G), where G is the hypermap with

hypermap subgroupG = H ' P .

Theorem 14. Wal(D(0 1)(H )) �= Wal(H).

Proof. If H is a hypermap subgroup of H , then H ' W
� 1 and H (0 1)� ' W

� 1 are hypermap
subgroupsof Wal(H) and Wal(D(0 1)(H )), respectively. Since g' W � = g�R0 ' W for all
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g 2 � 0̂, where � = (0 1)� and �R0 is the automorphism given by conjugation by R0, we
have

H � ' W
� 1 = H ' W

� 1�R0 ; (8)

that is, the hypermap subgroupH (0 1)� ' W
� 1 of Wal(D(0 1)(H )) is just a conjugateunder

R0 of the hypermap subgroupof Wal(H) and so they are isomorphic.

Theorem 15. Pin (D(1 2)(H )) = D(1 2)(Pin (H)).

Proof. Let H be a hypermap subgroupof H and � = (1 2)� . Then H � ' P
� 1 and H ' P

� 1�
arehypermapsubgroupsof Pin (D(1 2)(H )) and D(1 2)(Pin (H)), respectively. The equality
� j

� 0̂
' P = ' P � actually shows that

H � ' P
� 1 = H ' P

� 1� ; (9)

so they represent the samehypermap.

Theorem 16. If Wal(H) �= Wal(G), then H �= G or H �= D(01) (G).

Proof. If Wal(H) �= Wal(G) then H ' W
� 1 = (G' W

� 1)g for someg 2 �.

(i) g 2 � 0̂. Then (G' W
� 1)g = Gg' W ' W

� 1, by Lemma 8(1), and then we have

H = H ' W
� 1' W = Gg' W ' W

� 1' W = Gg' W ;

that is, H �= G.

(ii) g 62� 0̂. Then gR0 2 � 0̂ and

(G' W
� 1)g =

�
(G' W

� 1)gR0
� R0 =

�
G(gR0 )' W ' W

� 1
� R0 = G(gR0 )' W � ' W

� 1 ;

using (8), where� = �R0 and � = (0 1)� . Therefore

H = H ' W
� 1' W = G(gR0 )' W � ' W

� 1' W = G(gR0 )' W � ;

which says that H �= D � (G).

Theorem 17. If Pin (H) �= Pin (G), then H �= G.

Proof. As before,let H and G be hypermap-subgroupsof H and G. If Pin (H) �= Pin (G)
then H ' P

� 1 = (G' P
� 1)g for someg 2 �.

(i) If g 2 � 0̂ then, as before, (G' P
� 1)g = Gg' P ' P

� 1 and then H = Gg' P , showing that
H �= G.

(ii) Supposethat g 62� 0̂. As for b 2 � 0̂, (R1R2)R0b' P = 1 2 H \ G so that (R1R2)R0b

belongsto both H ' P
� 1 and G' P

� 1, for all b 2 � 0̂. Then (1) R1R2 2 (H ' P
� 1)b� 1R0 and (2)

since(R1R2)R0bg 2 (G' P
� 1)g = H ' P

� 1, R1R2 2 (H ' P
� 1)g� 1b� 1R0 . Sinceb� 1R0 runs all over

� n� 0̂ and g� 1b� 1R0 runs all over � 0̂, when b2 � 0̂, then R1R2 2 (H ' P
� 1)d, for all d 2 �.

This implies that all the hypervertices of Pin (H) have valency 1. By a dual version of
Lemma 7, Pin (H) is a \star"-lik e hypermap (seeFigure 2);
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Pin(H)

Figure 2: Pin (H) = D (0 2)(Dn ).

that is, Pin (H) = D (0 2)(Dn ). HencePin (H) is a regular hypermap on the spherewith
n (even) hypervertices. Thus H ' P

� 1, as well as (G' P
� 1)g, is normal in �. Therefore,

H ' P
� 1 = G' P

� 1 and henceH = G.

The proof of the above theoremrevealsthe following information,

Lemma 18. If Pin (H) is not isomorphic to D (0 2)(Dn) for any evenn, then Pin (H) �=
Pin (G) implies that H ' P

� 1 = (G' P
� 1)g for someg 2 � 0̂.

2.1 Euler form ula for bipartite-uniform hyp ermaps

In this subsectionwe write the Euler characteristic of a bipartite-uniform hypermap in
termsof its bipartite-t ype. Let H = (
 H ; h0; h1; h2) bea bipartite-uniform hypermapwith
Euler characteristic � , let V, E and F be the numbers of hypervertices,hyperedgesand
hyperfacesof H , respectively, and let V1 and V2 = V � V1 be the numbersof hypervertices
of the two � 0̂-orbits in 
 H . By Lemma 3, � = V1 + V2 + E + F � j 
 H j

2 . Let (l1; l2; m; n)
be the bipartite-t ype of H . Then V1 = j 
 H j

4l1
, V2 = j 
 H j

4l2
, E = j 
 H j

2m and F = j 
 H j
2n . Replacing

thesevaluesin the above formula we get the following result:

Lemma 19 (Euler form ula for bipartite-uniform hyp ermaps). If H is a bipartite-
uniform hypermap of bipartite-type (l1; l2; m; n), then

� =
j
 H j

2

�
1

2l1
+

1
2l2

+
1
m

+
1
n

� 1
�

:

2.2 Spherical bipartite-uniform hyp ermaps

In this subsectionwe classifythe bipartite-uniform hypermapsK on the sphere.The main
results werealready given before;all we neednow is to apply them directly to the sphere
(� = 2).

Let K be a bipartite-uniform hypermap of bipartite-t ype (l1; l2; m; n) on the sphere.
Then � = 2 > 0 and 1

2l1
+ 1

2l2
+ 1

m + 1
n > 1. Suppose,without loss of generality, that

l1 � l2 and m � n. Then

1
l1

+
2
m

�
1

2l1
+

1
2l2

+
1
m

+
1
n

> 1 )
1
l1

>
1
2

or
2
m

>
1
2

, l1 < 2 or m < 4

, l1 = 1 or m = 2

(sincem is even)
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From this result and Theorems11 and 13, we deducethe following theorem.

Theorem 20. If K is a spherical bipartite-uniform hypermap, then K �= Wal(R) or K �=
Pin (R) for somespherical uniform hypermapR, uniqueup to isomorphism. Moreover, as
K is bipartite-regular if and only if R is regular, and on the sphere all uniform hypermaps
are regular, then all bipartite-uniform hypermapson the sphere are bipartite-regular.

# l1 l2 m n V1 V2 E F j
 j K

1 1 1 2n 2n n n 1 1 4n P in (D (02) (Dn ))
2 1 2 4 2n 2n n n 2 8n P in (Pn )
3 1 2 6 6 12 6 4 4 48 P in (D (01) (T ))
4 1 2 6 8 24 12 8 6 96 P in (D (01) (C))
5 1 2 6 10 60 30 20 12 240 P in (D (01) (D ))
6 1 3 4 6 12 4 6 4 48 P in (T )
7 1 3 4 8 24 8 12 6 96 P in (C)
8 1 3 4 10 60 20 30 12 240 P in (D )
9 1 4 4 6 24 6 12 8 96 P in (D (02) (C))
10 1 5 4 6 60 12 30 20 240 P in (D (02) (D ))
11 1 n 2 2n n 1 n 1 4n P in (D (12) (Dn ))
12 1 n 4 4 2n 2 n n 8n P in (D (02) (Pn ))
13 2 2 2 2n n n 2n 2 8n W al(Pn )
14 2 3 2 6 6 4 12 4 48 W al(T )
15 2 3 2 8 12 8 24 6 96 W al(C)
16 2 3 2 10 30 20 60 12 240 W al(D )
17 2 4 2 6 12 6 24 8 96 W al(D (02) (C))
18 2 5 2 6 30 12 60 20 240 W al(D (02) (D ))
19 2 n 2 4 n 2 2n n 8n W al(D (02) (Pn ))
20 3 3 2 4 4 4 12 6 48 W al(D (12) (T ))
21 3 4 2 4 8 6 24 12 96 W al(D (12) (C))
22 3 5 2 4 20 12 60 30 240 W al(D (12) (D ))
23 n n 2 2 1 1 n n 4n W al(Dn )

Table 2: The bipartite-regular hypermapson the sphere.

Basedon the knowledgeof regular hypermapson the sphere,we display in Table 2 all
the possiblevalues(up to duality) for the bipartite-t ypeof the bipartite-regular hypermaps
on the sphereand the unique hypermap (up to isomorphism)with such a bipartite-t ype.
Notice that the map of bipartite-t ype (1; n; 2;2n) can be constructedfrom Dn either via
a Wal transformation Wal(D(02) (Dn )) or via a Pin transformation Pin (D(12) (Dn )). Since
Wal(D(02) (Dn )) �= Wal(D(12) (Dn )) these two constructions (Wal and Pin) can actually
be carried forward on the samehypermap D(12) (Dn ). The TetrahedronR = T , which is
self-dual,givesrise to Wal(D(0 1)(T )) = Wal(T ) = Wal(D(02) (T )).

3 Irregularit y and chiralit y

We follow the sameterminology and notations usedin [3]. Let K be a bipartite (that is,
� 0̂-conservative) hypermap with hypermap-subgroupK < � 0̂. If K is not regular (that
is, not �-regular), then its closurecover K

�
is the largest regular hypermapcoveredby K

and its covering coreK � is the smallestregular hypermapcovering K. Hencewe have two

the electr onic journal of combina torics 14 (2007), #R5 14



normal subgroupsin �, the normal closureK
�

containing K , and the coreK � contained
in K . SinceK � � K , although K may not be normal in K

�
, we have a group

� � (K) = K =K �

called the lower-irregularity group of K. Its size is the lower-irregularity index and is
denotedby � � (K). The upper-irr egularity index, denotedby �

�
(K), is the index jK

�
: K j.

If K is bipartite-regular, then K � � 0̂, and sinceK
�

is a subgroupof � 0̂, K � K
�

and
we have another group, the upper-irr egularity group

�
�

(K) = K
�

=K :

Sincethe index of � 0̂ in � is 2, the upper- and lower-irregularity groupsare isomorphic;
so their upper- and lower-irregularity indicesare equal (K is irregularity balanced). The
common group �

�
(K) �= � � (K) = � is the irr egularity group of the bipartite-regular

hypermap K and the commonvalue �
�

(K) = � � (K) = � is its irr egularity index. This has
value 1 if and only if K is regular. Being bipartite-regular, K is isomorphic to a regular
� 0̂-marked hypermap (see[1])

Q = (G; a;b;c;d) �= (� 0̂=K; K A; K B; K C; K D) ;

where � 0̂ = hA; B; C; D i �= C2 � C2 � C2 � C2 and K is the � 0̂-hypermap subgroup of
Q (and the hypermap subgroup of K). Here G is the group generatedby a;b;c;d. To
compute the irregularity group of K we use:

Lemma 21. If G haspresentationha;b;c;d j R = 1i , where R = f R1; : : : ; Rkg is a set of
relators Ri = Ri (a;b;c;d) then �

�
(K) = hRR0 i

G
.

See[3] for the proof.

The de�nition of chiralit y given in [2] is slightly di�erent from that usedin [6, 7, 8, 9].
If K is bipartite (K < � 0̂), not necessarilybipartite-regular, then K is � 0̂-chiral, or
bipartite-chiral, if the normaliserN � (K ) of K in � is a subgroupof � 0̂. In other words,K
is � 0̂-chiral if the group of automorphismsAut (K) �= N � (K )=K contains no \symmetry"
besides� 0̂.

Let K be a � 0̂-chiral hypermap. If K is bipartite-regular (� 0̂-regular), then K � � 0̂

and so we have N � (K ) = � 0̂. Thus K is � 0̂-chiral if and only if K is not normal in �;
that is, if and only if K is irregular. As � 0̂ has index 2 in �, with transversal f 1; R0g,
we have K = K hR0 i = K K R0 = K

�
if and only if R0 2 N � (K ); that is, if and only

if K R0 2 Aut (K). Hence the upper-irregularity index �
�

gives a \measure" of \how
close" K is to having the \symmetry" K R0 outside � 0̂. For this reasonwe also call
the upper-irregularity index (which coincideswith the lower-irregularity index) the � 0̂-
chirality index of the bipartite-regular K. This expresseshow \close" K is to getting a
\symmetry" outside � 0̂, or in other words, how closeit is to losing � 0̂-chiralit y.

The samehappensto any normal subgroup� with index two in �. In particular, for
� = � + , the upper irregularity index (or simply the irregularity index) of a � + -regular
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(that is, orientably regular) hypermapcoincideswith the � + -chiralit y index. This explains
the useof chiralit y index in placeof irregularity index (of orientably regular hypermaps)
in the papers [6, 7, 8, 9]. For more information and a generalde�nition of chiralit y group
see[2].

K K � l ; m; n j
 j K � l ; m; n j
 j genus � �

P in (D(02) (D n )) D(02) (D 2n ) 1;2n;2n 4n D(02) (D 2n ) 1;2n;2n 4n 0 1 1

P in (Pn )
�

D(02) (D4)
D(02) (D2)

1; 4; 4
1; 2; 2

8
4

K � 2
K � 3

2; 4; 2n
2; 4; 2n

8n2

16n2

( n � 1) 2 +1
2

(n � 1)2
n
2n

D n
2

; n even

D n ; n odd
P in (D(01) (T )) D(02) (D6 ) 1; 6; 6 12 K � 4 2; 6; 6 192 9 4 V4

P in (D(01) (C)) D(02) (D2 ) 1; 2; 2 4 K � 5 2; 6; 8 2304 121 24 S4

P in (D(01) (D )) D(02) (D2 ) 1; 2; 2 4 K � 6 2; 6; 10 14400 841 60 A 5

P in (T ) D(02) (D2 ) 1; 2; 2 4 K � 7 3; 4; 6 576 37 12 A 4

P in (C) D(02) (D4 ) 1; 4; 4 8 K � 8 3; 4; 8 1152 85 12 A 4

P in (D ) D(02) (D2 ) 1; 2; 2 4 K � 9 3; 4; 10 14400 1141 60 A 5

P in (D(02) (C)) D(02) (D2 ) 1; 2; 2 4 K � 10 4; 4; 6 2304 193 24 S4

P in (D(02) (D )) D(02) (D2 ) 1; 2; 2 4 K � 11 5; 4; 6 14400 1381 60 A 5

P in (D(12) (Dn )) D(02) (D2 ) 1; 2; 2 4 K � 12 n; 2; 2n 4n2 ( n � 1)( n � 2)
2 n Cn

P in (D(02) (Pn )) D(02) (D4 ) 1; 4; 4 8 K � 13 n; 4; 4 8n2 (n � 1)2 n Cn

W al(Pn ) P2n 2; 2; 2n 8n P2n 2; 2; 2n 8n 0 1 1
W al(T ) D(02) (D2 ) 1; 2; 2 4 K � 15 6; 2; 6 576 25 12 A 4

W al(C) D(02) (D2 ) 1; 2; 2 4 K � 16 6; 2; 8 2304 121 24 S4

W al(D ) D(02) (D2 ) 1; 2; 2 4 K � 17 6; 2; 10 14400 841 60 A 5

W al(D(02) (C)) P6 2; 2; 6 24 K � 18 4; 2; 6 384 9 4 V4

W al(D(02) (D )) D(02) (D2 ) 1; 2; 2 4 K � 19 10; 2; 6 14400 841 60 A 5

W al(D(02) (Pn ))
�

P4
D(02) (D2)

2; 2; 4
1; 2; 2

16
4

K � 20
K � 21

n; 2; 4
2n; 2; 4

4n2

16n2

( n � 2) 2

4
(n � 1)2

n
2
2n

C n
2

; n even

D n ; n odd
W al(D(12) (T )) C 3; 2; 4 48 C 3; 2; 4 48 0 1 1
W al(D(12) (C)) D(02) (D2 ) 1; 2; 2 4 K � 23 12; 2; 4 2304 97 24 S4

W al(D(12) (D )) D(02) (D2 ) 1; 2; 2 4 K � 24 15; 2; 4 14400 661 60 A 5

W al(Dn ) D(02) (Pn ) n; 2; 2 4n D(02) (Pn ) n; 2; 2 4n 0 1 1

Table 3: K, K � and K � .

Computing the irregularit y group �.

Let K = H ' � 1
= Wal(H) or Pin (H) conform ' = ' W or ' P , respectively, and let H be

the hypermap subgroup of a regular hypermap H of type (l; m; n). The inverse image
K = H ' � 1 is the hypermap subgroupof K. The lower-irregularity index of K, � � (K) =
K =K � , is isomorphic to its upper-irregularity group �

�
(K) = K

�
=K , a subgroupof the

� 0̂-monodromy group G = � 0̂=K of K. This commongroup, the irregularity group �,
can be computed in the following way. According to Theorem9, the group G �= Mon(H)
is a known group (seeTable 1). Being G the � 0̂-monodromy group of a bipartite-regular
hypermap, using ' we can rewrite G in the following form

G = ha;b;c;d j a2 = b2 = c2 = d2 = 1; R = 1i ;

such that aR0 = c, bR0 = d, cR0 = a and dR0 = b; R stands for a set of relators on
a;b;c;d. By Lemma 21,

� = hRR0 i
G
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is the closuresubgroupof RR0 in G. This calculation is easily performedand the results
for �( K) canbeseenin the last columnof Table3. For an exampleof how this calculation
is carried out seeTheorem23.

However, since' = ' W or ' P sendsgeneratorsof � 0̂ of odd length in � to generators
of � of odd length in �, we have necessarily� + ' � 1 = � + 0̂, where� + 0̂ = � + \ � 0̂. Since
H � � + , then K

�
=K � � + 0̂=K = � + ' � 1=H' � 1 �= � + =H = Aut + (H ); that is, � = K

�
=K

is a normal subgroupof Aut + (H ).

Let A = R1, B = R2, C = RR0
1 and D = RR0

2 . Then � 0̂ = hA; B; C; D i .

(1) If K = Wal(H) then K = hBD; (AB ) l ; (DC)m ; (CA)n i � 0̂
so K � = hBD; (AB ) l ,

(DC)m ; (CA)n i � . Let d= gcd(l; m). Since(AB )m = ((DC) � m )R0 and(DC) l = ((AB ) � l )R0

then (AB )d and (DC)d also belong to K � . Henceif d = 1, then AB and DC belong to
K � and so K � = � + 0̂. Therefore� = Aut + (H ) when d = 1.

(2) If K = Pin (H), then K = hCD; (AB ) l ; (BD)m ; (CA)n i � 0̂
; so K � = hCD; (AB ) l ,

(BD)m ; (CA)n i � . Let d = gcd(m; n). SinceK � D = K � C, K � (CA)m = K � (DA)m =
(K � (BC)m )R0 = (K � (BD)m )R0 = K � and so (CA)m 2 K � . Similarly, (BD)n 2 K � .
Henceif d = 1, then K � = � + 0̂ and consequently � = Aut + (H ).

Therefore the generalcalculations mentioned above only need to be carried out for
the caseswhered 6= 1, namely the cases2 (for n even), 3, 7, 12, 17 and 19 (for n even).

Computing the closure cover K � .

Once the irregularity index is calculated, it is an easytask to compute the closurecover
K � of K = H ' � 1

, simply becausethe genus of the closurecover is zero and in the sphere
the type determinesuniquely a uniform (or regular) hypermap. Let (l ; m; n) be the type
of the closurecover K � and let (r; s; u; v) be the bipartite-t ype of the sphericalbipartite-
regular hypermap K. The number of 
ags j
 K � j of the closure cover must divide the
number of 
ags j
 K j of K. Also l divides gcd(r; s), m divides u and n divides v. The
greatest possiblevalues for l , m and n are gcd(r; s), u and v, respectively. Moreover,
when gcd(r; s) = 1 we must have l = 1 in which casem = n and the greatest possible
valuesare achieved for m = n = gcd(u; v). SinceK � is a regular hypermapon the sphere
and is determinedby l, m and n, we must check if in each casethe above choiceof l , m
and n give rise to a spherical type (cf. Table 1). If not we choosethe secondgreatest,
the third greatestand so forth. For each bipartite-regular hypermap K in Table 2, where
(l1; l2; m; n) is our (r; s; u; v), taking the greatest values for the triple (l ; m; n) we get a
spherical type. To check if such triple determinesa hypermap covered by K we take a
half-turn in the middle of each hyperedgeof K; thesehalf-turns determine a covering
K 7! K � . The results can be seenin Table 3.

Computing the covering core K � .

The covering core is already computedsincewe know its monodromy group

M on(K � ) = M on(K)
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and their canonicalgenerators. Feedingtheseparametersin GAP [12], for example,we
get the rest of the information shown in the Table3. In this table we observe two isolated
maps (not in families) with lessthen 100 edges,the map D

(1 2)
(K � 4) with 48 edgesand

Petrie path of length 4, and K � 18 with 96edgesand Petrie path of length 6. In [25], where
we can �nd a good list of regular maps up to 100 edges(although the list is guaranteed
to be completeonly up to 49), thesemapsare P(70) and DP(190) on pages144and 181
respectively. Thesecan be consultedin the recently createdCensusof orientably-regular
maps[27].

4 Final commen ts

By examining Table 3 we observe the following extra result,

Theorem 22. The irr egularity (or chirality) index of a bipartite-regular hypermapcan be
any positive integer number. Moreover, cyclic groupsand dihedral groupsare irr egularity
groupsof bipartite-regular hypermaps.

Using the Pin and Wal transformations we can say a little more.

Theorem 23. On each orientablesurface of genusg there are � 0̂-chiral hypermaps(that
is, irr egular bipartite-regular hypermaps) with irr egularity indices2g + 1, 4g + 2 and 4g.

Proof. Just take the Pin (M k) and the Wal(M k) constructionsover the one-faceregular
map M k formed from a single2k-gon by identifying opposite edgesorientably. The map
M k hastype (k; 2;2k) or (2k; 2;2k) accordingask is odd or even. The monodromy group
of M k is the dihedral group D2k generatedby the involutions r 0, r1 and r2 subject to
the relations (r 0r1)2k = 1 and r 2 = r0(r1r0)k . The genus of M k is k� 1

2 if k is odd and
k
2 otherwise. Henceeach orientable surfaceof genus g supports two mapsM k , one for k
odd and another for k even. Note that M k has 1 or 2 verticesaccordingas k is even or
odd.

(a) (b) (c)

Figure 3: (a) The M k map (opposite edgesidenti�ed orientably).
(b) Pin (M k). (c) Wal(M k).

The bipartite-regular hypermap Pin (M k) has bipartite-t ype (1; k; 4;4k) if k is odd and
(1; 2k; 4;4k) otherwise. The bipartite-regular map Wal(M k) has type (2; k; 2;4k) or
(2; 2k; 2;4k) according as k is odd or even. Let H be the hypermap subgroup of M k

and K = H ' � 1, where ' = ' P or ' W .

(1) The hypermapPin (M k). The epimorphism' P inducesan isomorphismG = � 0̂=K !
� =H, mapping a 7! r 1, b7! r2, c 7! r0 and d 7! r 0. That is, c = d in the � 0̂-monodromy
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group of Pin (M k). With the help of ' P we rewrite M on(M k ) in function of a, b, c and
d to get the � 0̂-monodromy group

G = ha;b;c;d j a2 = b2 = c2 = d2 = 1; c = d; (ca)2k = 1; b= c(ac)k i :

In this caseR = f cd� 1; (ac)2k ; c(ac)kb� 1g and the irregularity group of Pin (M k) is the
normal closureof RR0 in G; thus

� = hab� 1; (ca)2k ; a(ca)kd� 1i G = habi G = habi :

Sinceab= (ac)k+1 , this grouphassizek if k is odd and size2k otherwise. HencePin (M k)
has irregularity index � = k = 2g + 1, for k odd, and � = 2k = 4g for k even.

(2) The map Wal(M k). Proceedingsimilarly we obtain

G = � 0̂ � M on(Wal(M k))
= ha;b;c;d j a2 = b2 = c2 = d2 = 1; b= d; (ca)2k = 1; b= c(ac)k i

and irregularity group � = haci = C2k cyclic, giving rise to irregularity indices � = 2k =
4g + 2 when k is odd and � = 2k = 4g when k is even.

For non-orientable surfaceswe cannot answer a�rmativ ely sinceto obtain � 0̂-chiral
hypermaps the Pin and Wal constructions need regular hypermapsand we know that
there are noneon the non-orientable surfaceswith negative characteristic 0, 1, 16, 22, 25,
37, and 46 [5, 28].
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