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A map generalisedo a hypermap when we remove the requiremen that an edgemust
join two verticesat most. A hypermap H can be regardedas a bipartite map whereone
of the two monochromatic setsof vertices represen the hypervertices and the other the
hyperedgesof H. In this perspective hypermapsare cellular embeddingsof hypergraphs
on compact connectedsurfaces(t wo-dimensionalcompact connectedmanifolds) without
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Abstract
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all ags, the hypermap is regular. In this paper we classify the bipartite-uniform
hypermaps on the sphere(up to duality). Two constructions of bipartite-uniform
hypermaps are given. All bipartite-uniform spherical hypermaps are shovn to be
constructed in this way. As a by-product we show that ewery bipartite-uniform
hypermap H on the sphereis bipartite-regular. We also compute their irregularity
group and index, and also their closurecover H and covering core H
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Usually classi cationsin map/hypermaptheory are carried out by gerus, by number of
faces,by embedding of graphs,by automorphismgroupsor by some xed properties such
as edge-transitivity. SinceKlein and Dyck [13, 11]{ wherecertain 3-valert regular maps
of gerus 3 were studied in connectionwith constructions of automorphic functions on
surfaces{ most classi cations of maps (and hypermaps)involve regularity or orientably-
regularity (direct-regularity). The orierntably-regular maps on the torus (in [10]), the
orientably-regular embeddingsof complete graphs (in [15]), the orientably-regular maps
with automorphismgroupsisomorphicto PSL(2; g) (in [21]) and the bicontactual regular
maps (in [26]), are examplesto name but a few. The just-edge-transitive maps of Jones
[18] and the classi cation by Siran, Tucker and Watkins [22] of the edge-transitive maps
on the torus, on the other hand, include anotherkind of \regularit y* other than regularity
or orientably-regularity. According to Graver and Wakins [17], an edgetransitive map
is determined by 14 types of automorphism groups. Among these, 11 correspnd to
\restricted regularity” [1]. Jones's\just-edge-transitive" maps correspnd to w-regular
maps of \rank 4", where 02 is the normal closure of hR1; RoR»i of index 4 in the free
product = C, C, C, generatedby the 3re ections Ry, R; and R, on the sidesof a
hyperbolic triangle with zerointernal angles;\rank 4" meansthat it isnot -regular for no
normal subgroup of ofindex < 4. Moreover, the automorphismgroup of the toroidal
edge-transitive maps realise 7 of the above 14 family-types[22]; they all correspnd to
restrictedly regular maps, namely of ranks 1 [the regular maps], 2 [the just-orientably-
regular (or chiral) maps, the just-bipartite-regular maps, the just-face-bipartite-regular
maps and the just-Petrie-bipartite-regular maps]and 4 [the just- +‘)-regular maps and
the just- *2-regular maps] (see[1]).

In this paper we classify the \bipartite-uniform” hypermapson the sphere. They all
turn out to be \bipartite-regular”. A hypermap H is bipartite if its hyperverticescan be
2-colouredin sud a way that \neighbouring” hypervertices have di erent colours. It is
bipartite-uniform if the hypervertices of one colour, the hypervertices of the other colour,
the hyperedgesand the hyperfaceshave commonvalenciesly, |,, m and n respectively.
The ags of a bipartite hypermap are naturally 2-colouredby assigningthe colour of their
adjacent hypervertices. A bipartite hypermap is bipartite-regular if the automorphism
group acts transitively on ead set of coloured ags. If the automorphism group acts
transitively on the whole set of ags the hypermapis regular. Bipartite-regularity corre-
spondsto 0-regularity [1] where ® a normal subgroupof index 2 in , is the normal
closureof the subgroupgeneratedby R; and R;.

We also compute the irregularity group and the irregularity index of the bipartite-
regular hypermapsH on the sphereaswell astheir closurecover H (the smallestregular
hypermap that coversH) and their covering coreH (the largestregular hypermap cov-
ered by H). Regular hypermapson the sphere(seexl1.4) are up to a Sz-duality (see
x1.3) regular maps and these are the v e Platonic solids plus the two in nite families
of type (2;2;n) and (n;n; 1), and their duals. An interesting well known fact, which
comesfrom the \univ ersality" of the sphere,is that uniform hypermapson the sphere
are regular. According to [1] this translates to \ -uniformit y in the sphereimplies -
regularity”. We may now ask for which normal subgroups of nite indexin  do
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we still have \ -uniformit y in the sphereimplies -regularit y", oncethe meaningof -
uniformity is understood? As a byproduct of the classi cation we shav in this paper
that bipartite-uniformity (that is, °-uniformity) still implies bipartite-regularity (that
is, °-regu|arity). 0 is just one of the seven normal subgroupswith index2in . The
othersare ! = MRy;Ryi , 2= MRgRii , %= MRg;RiRsi , = MRy ReRai

2= Ry;RoR1i  and * = MR;1Ry; RyRi (see[4] for more details). As the notation
indicates they are grouped into three families, within which they dier by a dual oper-
ation. This duality says that the result is still valid if we replace by or 2 For

= 0, L 2 and *, -uniformit y is the sameas uniformity, and since regularity
implies -regularit y, on the sphere -uniformit y implies -regularit y for any subgroup
ofindex2in . At the end,asa nal commern, we showv that on eat orientable surface
we can nd always bipartite-chiral (that is, irregular bipartite-regular) hypermaps.

1.1 Hyp ermaps

A hypermap is combinatorially descrited by a four-tuple H = ( 4 ho; hy; hy) where 4
is a non-empty nite setand hg; hy; h, are xed-p oint freeinvolutory permutations of
generatinga permutation group hhg; hy; hoi acting transitively on . The elemens of

n are called ags, the permutations hg, h; and h, are called canonical geneators and
the group Mon(H) = hhg; hy; hai is the monadromy group of H. One saysthat H is a map
if (hghy)? = 1. The hypervertices (or 0-faces) of H correspnd to Hhy; h,i-orbits on .
Likewise,the hyperedges(or 1-faces) and hyperfaces (or 2-faces) correspnd to hhg; hoi
and hhg; hsi-orbits on , respectively. If a ag ! belongsto the correspnding orbit
determining a k-facef we say that ! belongsto f, or that f cortains! .

We x fi;j; kg = f0;1;29. The valency of a k-facef = whh;; h;i, where! 2, is
the least positive integer n sudh that (h;h;)" 2 Stab(w). Sinceh; 6 1 and h; 6 1, h;h;
generatesa normal subgroupwith indextwo in hh;; h;i. It followsthat jhh;; h;ij = 2jhh;h;ij
and sothe valency of a k-faceis equalto half of its cardinality. H is uniform if its k-faces
have the samevalency ny, for eat k 2 f0; 1; 2g. We say that H hastype (I;m;n) if [, m
and n are, respectively, the least commonmultiples of the valenciesof the hypervertices,
hyperedgesand hyperfaces. The characteristic of a hypermap is the Euler characteristic
of its underlying surface,the imbedding surfaceof the underlying hypergraph(seeLemma
3 for a combinatorial de nition).

A covering from ahypermapH = ( y; ho; hy; hy) to anotherhypermapG= ( g; Qo; 01,
Q.) is a function : 4! c sud that h; = g foralli 2 f0;1;29. The transitive
action of Mon(G) on ¢ impliesthat is onto. By von Dyck's theorem ([16, pg 28]) the
assignmenh h; 7! g extendsto a group epimorphism : Mon(H)! Mon(G) called the
canonical epimorphism The covering is anisomorphismif it is injective. If there exists
acovering fromH to G, we say that H covers G or that Gis covered by H; if isan
isomorphismwe say that H and G areisomorphic and write H = G. An automorphismof
H is anisomorphism : 4! n from H to itself; that is, a function that comnutes
with the canonicalgenerators.The set of automorphismsof H is represeted by Aut(H).
As a direct consequencef the Euclidean Division Algorithm we have:
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Lemma 1. Let : 4! c bea coveringfromH to Gand! 2 . Then the valency
of the k-face of G that contains! dividesthe valencyof the k-face of H that contains! .

Of the two groupsMon(H) and Aut( H) the rst actstransitivelyon = 4 (by de ni-
tion) and the second,due to the comnutativit y of the automorphismswith the canonical
generators,acts semi-regularly on ; that is, the non-idertity elemens of Aut(H) act
without xed points. A transitive semi-regularaction is called a regular action. These
two actions give rise to the following inequalities:

iMon(H)j | | jAut(H)j:
Moreover, eat of the above equalitiesimplies the other. An equality in the rst of these
inequalities implies that M on(H) acts semi-regularly (henceregularly) on , while an
equality on the secondimplies that Aut(H) acts transitively (henceregularly) on . If

Mon(H) actsregularly on , or equivalertly if Aut(H) actsregularly on , the hypermap
H is regular.

Eadh hypermap H givesrise to a permutation represetation y : I Mon(H),
Ri 7! h;, where s the free product C, C, C, with presenation = Rg; Ry, Ry
Ro?> = R1? = R,2= 1i. Thegroup acts naturally and transitively on 4 via 4. The
stabiliserH = Stab (! ) ofa ag ! 2 u underthe action of is called the hypermap
sulgroup of H; this is unique up to conjugationin . The valencyof a k-face cortaining
I is the least positive integer n suc that (RiR;)" 2 H; more generally the valency of a
k-facecontaining the ag =! g=1!(g) w 2 n,whereg?2 , isthe leastpositive
integern suc that (RiR;)" 2 Stab ( ) = Stab (! g) = Stab (! )%= H9.

Denoteby Alg(H) = ( =H;ag; a;;a) wherea,: =H ! =H,Hg7' HgH R =
HgR;. It iseasyto seethat Alg(H) = H. Wesay that Alg(H) is the algebaic presentation
of H. Moreover, it is well known that:

1. A hypermapH is regular if and only if its hypermap subgroupH is normal in .

2. A regular hypermap is necessarilyuniform.

SinceAlg(H) and H are isomorphic,we will not di erentiate onefrom the other.

Following [1], if H < for a given , Wwe sg that H is -conservative A
*-consenrative hypermap is better known as an orientable hypermap. An automor-
phism of an orientable hypermap either presenesthe two *-orbits or permutes them.
Those that presene *-orbits are called orientation-preserving automorphisms The
set of orientation-preserving automorphismsis a subgroupof Aut(H) and is denoted by
Aut*(H). If H is O-consenrative (resp. 1-conserative, resp. 2-conserative) we say
that H is bipartite, vertex-bigrtite or O-bipartite (resp. edge-bigrtite or 1-bipartite, resp.
face-bipartite or 2-bipartite).

Lemma 2. If H is bipartite and! 2 |, then the valenciesof the hyperedge and the
hyperface that contain ! must be even.
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Proof. If m and n are the valenciesof the hyperedgeand the hyperfacethat cortain
I = Hd, d 2 , then (Ry;Ro)™;(RoR)" 2 HY 0 Thereforem and n must be
ewen. ]

If H *, we sa that H is orientably-regular. If H 0 (resp. H t and
H %), we say that H is vertex-bigrtite-regular (resp. edge-bigrtite-r egular and face-
bipartite-regular). If H is vertex-bipartite-regular (resp. edge-bipartite-regular, resp.
face-bipartite-regular) but not regular, we say that H is vertex-bi@rtite-chiral (resp. edge-
bipartite-chiral, resp. face-bipartite-chiral). We will use bipartite-regular and bipartite-
chiral in place of vertex-bipartite-regular and vertex-bipartite-chiral for short.

A bipartite-uniform hypermapis a bipartite hypermap sud that all the hypervertices
in the same %-orbit havethe samevalency asdo all the hyperedgesind all the hyperfaces.
The bipartite-type of a bipartite-uniform hypermap H is a four-tuple (l4;l,;m;n) (or
(I2;13;m; n)) wherel; and I, (I;  I,) are the valencies(not necessarilydistinct) of the
hypervertices of H, m is the valency of the hyperedgesof H and n is the valency of the
hyperfacesof H. We note that if H is a bipartite-uniform hypermap of bipartite-t ype
(I1;12; m; n), then m and n must be even by Lemma 2.

1.2 Euler formula for uniform hypermaps

Using the well known Euler formula for maps one easily gets the following well known
result:

Lemma 3 (Euler form ula for hyp ermaps). LetH beahypermapwith V hypervertices,
E hyperedgesand F hyperfaces. If H hasunderlying surface S with Euler characteristic
,then =V +E+F ‘TH‘ (Seefor example[28] and the referencegherein.)

If H is uniform of type (I;m;n), then V = L#l E = Ll and F = L#l. Replacing

the valuesof V, E and F in the last formula, we get:

Corollary 4 (Euler form ula for uniform hypermaps).

1.3 Dualit y

A non-inner automorphism of (that is, an automorphism not arising from a con-
jugation) gives rise to an operation on hypermapsby transforming a hypermap H =
( =H;H Rg;H Ri;H Rjy), with hypermap-subgroupH, into its operation-dual

( #H S(H ) Ro;(H ) Ri(H ) Ro)

= (#H ;H RgpH Ry H Ry

D (H)

with hypermap-subgroupH (see[14, 19, 20] for more details). Note that if is inner,
then D (H) isisomorphicto H. In particular, ead permutation 2 S;o.1.59nfidg induces
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a non-inner automorphism : ! by assigningR; 7! R; , for i = 0;1;2. This au-
tomorphism inducesan operation D on hypermapsby assigningthe hypermap-subgroup
H of H to a hypermap-subgroupH . Sud an operator transforms ead hypermap
H = ( w;ho;hg;hy) intoits -dualD (H) = ( w;ho 1;hy 1;hy 1). We note that the
k-facesof H are the k -facesof D (H). From this note and the de nition of -duality
one easily get the following properties of D .

Lemma 5 (Prop erties of D ). LetH, Gbetwo hypermapsand ; 2 Sig1.29. Then(1)
Di(H) = H,wheel=id 2 S;p12; (2) D (D (H)) =D (H); (3) If H coversG, then
D (H) coversD (G); (4) If H= G, thenD (H) = D (G); (5) If H is uniform, then
D (H) is uniform; (6) If H is k-bipartite-uniform, thenD (H) is k -bipartite-uniform;

(7) If H is regular, thenD (H) is regular; (8) If H is k-bipartite-regular, then D (H)
is k -bipartite-regular; (9) Both H and D (H) havesameunderlying surface.

1.4 Spherical uniform hyp ermaps

A hypermapH is spheri@al if its underlying surfaceis a sphere(i.e if its Euler characteristic
is2). Bytakingl m nand = 2in the Euler formula one easily seesthat | < 3.
A simple analysisto the above inequality leadsus to the following table of possibletypes
(up to duality):

Il m n|V E F |j uj Mon(H) H Aut™ (H)
1k k|k 1 1] 2k Dy, DemDJ)| C
2 2 k|k k 2| 4k Dy G Py Ck
23 3|6 4 4[24 S, Do) | As
23 4|12 8 6| 48 S, C, Doy(Q S,
2 3 5/30 20 12| 120 As C, Dgy(D) | As

Table 1: Possiblevalues(up to duality) for type (I; m;n).

Lemma 6. All uniform hypermapson the sphee are regular.

This result arises becauseead type (I;m;n) in Table 1 determinesa cocompact
subgroupH = N(R:R2)';(R2R0)™; (RoR1)"i  with index j 4j in the free product =
C, C, C,generatedby Ry, R; and R.

Let T, C, O, D and| denotethe 2-sleletonsof the tetrahedron, the cube, the octahe-
dron, the dodecahedronand the icosahedron.Theseare, up to isomorphism,the unique
uniform hypermapsof type (3; 2;3), (3; 2;4), (4;2;3), (3; 2;5) and (5; 2; 3) respectively, on
the sphere;note that O = D (C) and| = Dy (D). Togetherwith the in nite families
of hypermapsD, with monodromy group D, and P,, with monodromy group D, C,
(n 2 N), of types(n;n;1) and (2;2;n), respectively, they complete, up to duality and
isomorphism,the uniform sphericalhypermaps.
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Dn’
The last column of Table 1 displays the uniform sphericalhypermaps(which are regular
by last lemma) of type (I; m;n) with | m n.

Lemma 7. If H is a hypermap suchthat all hyperfaces havevalency 1, then H is the
\dihedral" hypermap D,,, a regular hypermap on the sphee with n hyperfaces.

Proof. Let H be a hypermap-subgroupof H. All hyperfaceshaving valency 1 implies
that RopR, 2 HY for all d 2 (i.e., RoR; stabilisesall the ags). Then HhRy; R, =

HMRo; R = HIRg; Ry; Rl = =H = ; that is, H hasonly one hypervertex and one
hyperedge.HenceH = D,, wheren is the valency of the hyperedgeand the hyperfaceof
H. O

2 Constructing bipartite hypermaps
By the Reidemeister-Sareier rewriting process[16]it can be shovn that
0 =C, C C, C,= |'R1| I’Rgl leROi ngRoi .

As a consequenceve have an epimorphism’ : oy

Any sud epimorphism’ inducesa transformation (not an operation) of hypermaps,
by transforming ead hypermapH = ( ,,; ho; hi; hy) with hypermap subgroupH into a
hypermapH' ' = (; to;t1;t,) with hypermap subgroupH' 1.

8
o9
- o— g
H =
| s
3
: g1 R
Algebraically, H' "= ( =H' 1;sp;s:;8,) with 5= (H' 1) R; actingon = =H' !
by right multiplication. Here (H' 1) denotesthe coreof H' 'in . In the following

lemmawe list three elemermary, but useful, properties of this transformation ' .

Lemma 8. Letg2 ,W=(H'" ) w2 =H'1! =MonH ")andH' g2 be
a ag of H' . Then,

Ro

(1) Ifg2 0 then(H' H9=H9' 1 1f g62 O then(H' 1)9= H@R ' 1
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2 (H Y o=H"'land (H' ) =H ' 1\ (H"'H"

w 2H9; if g2 O
3) W2 StabH' *g), w2 (H' Y9, J Moreover,
3) g
wRo' 2 H(@R) -+ if g62 O,
W 2 Stab(H' 1g) impliesthatw2 ©.

1 1

Proof. (1) If g2 O thenx 2 HY' 1, x 2HY , (x)@)'=(x )" =x3" 2
Ro

H, x2 (H Y9 1fg62 % thengRo2 O%andso(H' 19 = (H' )R = =

Ro

H(9Ro)" * 1
(2) Since' is onto, the above item translatesinto thesetwo results.
(3) W 2 Stab(H' 'g) = Stab(H' H°, w2 (H'" Y9 SinceH' ! 0 this implies
that w 2

fg2 O thenw2 (H' D9@HI' 1, w 2HY.

If g62 0, thengRo 2 © andso, by above, w2 (H' )9, wRe 2 (H' 1)%Ro
(wRe)' 2 H (gRo)" O

Remark: For simplicity we will not distinguish W from w, and sowe will seeW asa word
onRg, Ry and R, in  instead of a cosetword (H' 1) w.

Theorem 9. If H = G ' for somehypermap G, then %-Mon(H) = Mon(G).

Proof. By Lemma 8(2) we deducethat
O Mon(H)= 0=H ;= oG 1) 4= 0=G' 1= =G = Mon(G. O

Among marny possiblecanonicalepimorphisms' : 01 | therearetwo that induce
transformations preservingthe underlying surface,namely' , and' , de ned by

Ri', =Ry Ry, =Rz R, =Rp R, =Ry

R;', =Ri; Ry ,=Ry; R _ =Ry R, =Ry

Denoteby Wal(H) the hypermapH' w * and by Pin(H) the hypermapH '+ *. Wal(H) is
amap; in fact, since(RgR2)? = R,"°R, and ((RoR2)?)R? = R,R,"° we have (RoRz)? , =
((RoR2)H)Re" , = 1, and hence,by Lemma8(3), forall g2 , (RoR2)?2 Stab(H' ,, *g).

Both hypermapsWal(H) andPin (H) have the sameunderlying surfaceasH but while
Wal(H) is a map (bipartite mapsinceH"' ! °), the well known Walsh bipartite map
of H [24, 4], Pin(H) is not necessarilya map.
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\ e

Wal(H) »—O0—&

H A\ e
Pin(H) '%

Figure 1: Topological construction of Wal(H) and Pin(H).

Theorem 10 (Prop erties of ' ). Let H be a hypermap. Then:

1. H is uniform of type (I; m; n) if and only if Wal(H) is bipartite-uniform of bipartite-
type (I;m;2;2n) if I mor (m;l;2;2n) if I  m;

2. H is regular if and only if Wal(H) is bipartite-regular.

Proof. Let H be a hypermap subgroupof H. Then H' ! is a hypermap subgroup of
Wal(H).

(10.1) () ) Let ussupposethat H is uniform of type (I; m;n). Note rst that

RiR; = (RiR2)'  ; (1)
RoRz = (RiP°R7)" , = (RiR)R , ; (2)
RoR: = (R:"°Ry)' , = (RoR1)* ,, : (3)

Let W denotea word in R, Ry, R and! g2 wan) beany ag (g2 ). We already
know that the valency of the hyperedgecontaining ! g is 2 (Wal(H) is a map) and that
the valency of the hyperfacecortains ! g is even. Let 1% and n° be the valenciesof the
hypervertex and the hyperfacecontaining ! g, respectively.

(1) g2 0. From (1) and Lemma8(1) we have (R1R,) 2 HY w if and only if (R1R,)k 2
HYw' 1= (H", 19 that is, accordingto Lemma8(3),

(R1R2)* 2 Stab(H(g' ,,)) , (R1R2)* 2 Stab((H" ,, )g): (4)

Analogously from (3) we get (RoR1)* 2 H9 w if and only if (RoR1)* 2 HYw' 1=
(H", 9 that is, accordingto Lemma 8(3),

(RoR1)* 2 Stab(H(g' ,,)) , (RoR1)* 2 Stab((H" ,, 1)g): ®)

Now the uniformity of H implies 1°= | and n®= 2n.
(2) g2 9 SincegRo2 © we getfrom (2),

(RoR2)K 2 H(OR) v ((R1R2)Ro)k 2 H(GRo)' v ! " L= (H w 1)9Ro
. (RiRp) 2 (H' 19,
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and from (3),

(RoOR)K 2 HEOR w | (RoR)* 2 HIRo'w' 1= (H" , 1)Ro
,  (RiRg)* 2 (H' , he:

This implies that

(RoR2)* 2 Stab(H(gRo)" ,,) , (R:R2)* 2 StabH" , ‘g); (6)
(RoR1)* 2 Stab(H (gRo)' ,,) » (R1Rg)* 2 Stab(H' , *9): (7)
Likewise,the uniformity of H now implies that 1°= m and n°= 2n.

Combining (1) and (2) and assuming,without lossof generality, that | m, we nd that

Wal(H) is bipartite-uniform of bipartite-t ype (I; m; 2;2n).

(( ) Let usassumethat Wal(H) is bipartite-uniform of bipartite-t ype (I; m; 2;2n). Being
bipartite, Wal(H) has two orbits of vertices: the \black" vertices, all with valency |

(say), and the \white" vertices, all with valency m. Without loss of generality, all the
ags H' , 19, g 2 0 are adjacent to \black" vertices while all the ags H' , 'gRo,
g2 0 are adjacen to \white" vertices. As seenbefore,the equivalence(1) for g 2 0
givesrise to the equivalence(4), which expresseshe fact that all the hypervertices of H

have the samevalencyl; the equivalence(2) for g 62 0 givesrise to the equivalence(6),

which says that all the hyperedgesof H have the samevalencym; nally , the equivalence
(3) givesrise to the equivalence(5) if g 2 0 or the equivalence(7) if g 62 0 and they
expresshe fact that all the hyperfacesof H have the samevalencyn. HenceH is uniform
of type (I; m;n) (or (m;I;n) sincethe positional order of | and m in the bipartite-t ype of
Wal(H) is orderedby increasingvalue).

(10.2)H isregular, H , H' ! 0 Wal(H) is bipartite-regular since’ w IS
an epimorphism. O

Theorem 11. H is a bipartite map if and only if H = Wal(G) for somehypermap G.

Proof. Only the necessargondition needsto be proved. If H is a bipartite map, then H

0 SinceH isamap, (RoR2)%)9 2 H forallg2 ; thereforeker' , = HRoR,)?i ° H.
This implies that H' ', = Hker' , = H and henceH = Wal(G) where G is a
hypermap with hypermap subgroupG = H' , . O

Theorem 12 (Prop erties of ' ). Let H be a hypermap. Then,

1. Pin(H) is a bipartite hypermap such that all hypervertices in one O_orbit have
valency 1,

2. H is uniform of type (I; m; n) if andonly if Pin(H) is bipartite-uniform of bipartite-
type (1;1; 2m; 2n);

3. H is regular if and only if Pin(H) is bipartite-regular.
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Proof. Let H be a hypermap subgroupof H. Then H' ! is a hypermap subgroup of
Pin(H).

(1) Pin(H) is bipartite sinceH" ,* 0 We have (RiR2)R' . = (R;RRR0) | = 1;
therefore,by Lemma?2 (2), Ri1R, 2 Stab(H' , *g) for all g 62 0 je, all hyperverticesin
the same O-orbit of the hypervertex cortaining the ag H' . 'R, have valency 1.

(2) Let us supposethat H is uniform of type (I; m;n). We proceedsimilarly asfor ' ,,

keepingin mind that all hypervertices of Pin(H) adjacert to ags H' , g, for g 62 0

have valency 1. Starting from the equalities,

RiR2 = (R1R2)' . ;
RoR2 = (R2F°Ry)' . = (RoR2)?' , ;
RoR: = (R17°Ry)' . = (RoR1)?' , :

one getsthe following equivalences,

(RiRy)k 2 Stab(Hg' ,), (RiRy)* 2 Stab(H' . 'g); 8g2 0;
(RoR2)¥ 2 Stab(Hg' ,), (RoR2)* 2 Stab(H' ,'g); 892 ©;
(RoR2)¥ 2 Stab(H (gRo)' ), (R2R)* 2 Stab(H' . 'g); 8962 ©;
(RoRy)* 2 Stab(Hg' ), (RoR1)%* 2 Stab(H' ,g); 8g2 ©;
(RoR1)¥ 2 Stab(H (gRo)' ), (RiRg)%* 2 Stab(H' _1g); 8962 ©:

This clearly shaws that Pin(H) is bipartite-uniform of bipartite-t ype (1;1;2m; 2n). Re-
ciprocally, if Pin(H) is bipartite-uniform of bipartite-t ype (1;1;2m;2n) then, reversing
the above argumert in a similar way aswe did for Wal(H) in the proof of Theorem 10,
we easily concludethat H is uniform of type (I; m;n).

(3) Since' , is an epimorphism, H isregular, H , H',Y 0 Pin(H)is
bipartite-regular. O

Theorem 13. If H is a bipartite hypermap suchthat all hyperverticesin one °-orbit
havevalencyl, then H = Pin(G) for somehypermap G.

Proof. As in Theorem 13, only the necessarycondition needsto be proved. Let H be
a hypermap subgroup of H. By taking HR° instead of H if necessarywe may as-
sume,without lossof generality, that all hyperverticesin the O_orbit of the hypervertex
that cortains the ag HRy have valency 1, i.e, RiR, 2 HR9 for all g 2 0 Then
((RiR2)R)" 2 H for all h 2 9; thereforeker' , = h(R;Rz)Roi ° H. This implies
that H' ° Pl = Hker' ., = H and henceH = Pin(G), where G is the hypermap with
hypermap subgroupG = H' .. O

Theorem 14. Wal(D1)(H)) = Wal(H).

Proof. If H is a hypermap subgroupof H, then H' ,* and H(01)' , ! are hypermap
subgroupsof Wal(H) and Wal(D1)(H)), respectively. Sinceg',, = gR', for all
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0 where = (01) and Re is the automorphism given by conjugation by Ry, we

g2
have
S (8)
that is, the hypermap subgroupH (01) ' ,, * of Wal(D(1)(H)) is just a conjugate under
R, of the hypermap subgroupof Wal(H) and sothey are isomorphic. O

Theorem 15. Pin(Da2)(H)) = Dag(Pin(H)).

w

Proof. Let H be a hypermap subgroupof H and = (12). ThenH ' _tandH',
are hypermapsubgroupsofPln(D(l 2(H)) and D5 (Pin(H)), respectlvely The equallty

i = actually shows that

6 P P

H ' t=H ! 9)

P P

sothey represeh the samehypermap. O
Theorem 16. If Wal(H) = Wal(G), thenH = Gor H = D(g)(G).

Proof. If Wal(H) = Wal(G) thenH' , 1= (G' , )9 for someg?2 .

() g2 O Then(G' ,Y)?9=GYw' ! by Lemmas8(l), and then we have

H:H'Wl'W:Gng'Wl'W:Gng;
that is,H = G.
(i) g62 0. ThengRy2 ©°and

(G' w 1)9 = (G' w 1)gR0 Ro — G(gRo)' w' ” 1 Ro — G(gRO)' " ! 3 1.

using (8), where = Roand = (01). Therefore
H=H' Wl' W = G(9Ro) v Wl' W = G(9R0)"

which saysthat H = D (G). O
Theorem 17. If Pin(H) = Pin(G), thenH = G.
Proof. As before,let H and G be hypermap-subgroupofH and G. If Pin(H) = Pin(G)
thenH' .1 = (G' ,1)9 for someg?2 .
(i) If g2 9O then, asbefore, (G' .1)? = GY+»' 1 andthen H = GY ¢, shawing that
H=0G
(i) Supposethat g62 % Asforb2 0 (RiR)R™ = 12 H\ G sothat (RyRz)ReP
belongsto both H' ,*and G' .1, for all b2 ©. Then (1) R;R, 2 (H' . 1)® 'Re and (2)
since(RiR2)RPI2 (G' . 1)9=H' .1, RyR, 2 (H' .19 " "Ro_ Sinceb R, runs all over

n %andg b 'Ry runsall over © whenb2 0 thenR;R,2 (H' o4, foralld2 .

This implies that all the hypervertices of Pin(H) have valency 1. By a dual version of
Lemma7, Pin(H) is a\star"-lik e hypermap (seeFigure 2);
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Pin(H)

Figure 2: Pin(H) = D2 (Dn).

that is, Pin(H) = D2(Dn). HencePin(H) is a regular hypermap on the spherewith
n (even) hypervertices. Thus H' _ 1, aswell as (G' . 1)9, is normal in .  Therefore,

p !

H',t=G' ,'andhenceH = G. O
The proof of the above theoremrewvealsthe following information,

Lemma 18. If Pin(H) is not isomorphicto D2 (D,) for any evenn, then Pin(H) =
Pin(G) impliesthat H' ;1 = (G' , )9 for someg 2

2.1 Euler formula for bipartite-uniform  hyp ermaps

In this subsectionwe write the Euler characteristic of a bipartite-uniform hypermap in
terms of its bipartite-type. Let H = ( y; ho; hy; hy) be abipartite-uniform hypermapwith
Euler characteristic , let V, E and F be the numbers of hypervertices, hyperedgesand

hyperfacesof H, respectively, and let V; andV, = V  V; be the numbersof hypervertices
A IO€!

of thetwo “-orbitsin . By Lemma3, =V;+V,+E+F LM Let(l3;l;m;n)
be the bipartite-type of H. ThenVy = 1, v, = Ll E = Ll and F = L. Replacing

thesevaluesin the above formula we get the following result:

Lemma 19 (Euler form ula for bipartite-uniform  hypermaps). If H is a bipartite-
uniform hypermap of bipartite-type (I1;1,; m;n), then

jap 21 1.1
2 2'1 2'2 m n

1

2.2 Spherical bipartite-uniform  hyp ermaps

In this subsectionwe classifythe bipartite-uniform hypermapsK onthe sphere.The main
results were already given before;all we neednow is to apply them directly to the sphere
( =2).

Let K be a bipartite-uniform hypermap of bipartite-t ype (I1;12; m; n) on the sphere.
Then = 2> 0and 5 + 5+ 4+ 2> 1. Suppose,without loss of generaliy, that
L, l,andm n. Then

1 2 1 1 1 1 1 1 2

—+ = —+ —+ —+-—>1) — > _ or —

|1 m 2'1 2'2 m n Il 2 m
, l1<2 or m< 4
, l41=1 or m=2

(sincem is ewen)

>

NI =
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From this result and Theorems11 and 13, we deducethe following theorem.

Theorem 20. If K is a spherial bipartite-uniform hypermap, thenK = Wal(R) or K =

Pin(R) for somespherial uniform hypermapR, uniqueup to isomorphism. Moreover, as
K is bipartite-regular if and only if R is regular, and on the sphee all uniform hypermaps
are regular, then all bipartite-uniform hypermapson the sphee are bipartite-regular.

# I1 I m n Vi Vo E F I K

1 1 1 2n 2n|n n 1 1 |4n Pin (D2 (Dn))
2 1 2 4 2n | 2n n n 2 | 8n Pin(Pn)

3 1 2 6 6 |12 6 4 4 |48 Pin(D(y(T))
4 1 2 6 8 |24 12 8 6 |96 Pin(D(y (O)
5 1 2 6 10|60 30 20 12240 Pin(D(y (D))
6 1 3 4 6 12 4 6 4 48 Pin(T)

7 1 3 4 8 24 8 12 6 |96 Pin(C

8 1 3 4 10 | 60 20 30 12| 240 Pin(D)

9 1 4 4 6 24 6 12 8 |96 Pin(Dy (O)
100 1 5 4 6 60 12 30 20| 240 Pin(Dy (D))
11 1 n 2 2n | n 1 n 1 |4n Pin (D@2 (Dn))
12 1 n 4 4 2n 2 n n | 8n Pin (D2 (Pn))
13 2 2 2 2n | n n 2n 2 |81 Wal(Pn)

14 2 3 2 6 6 4 12 4 48 Wal(T)

5 2 3 2 8 12 8 24 6 |96 Wal(Q

6 2 3 2 10 |30 20 60 12| 240 Wal(D)

17 2 4 2 6 12 6 24 8 |96 Wal(Dqy (C)
18 2 5 2 6 30 12 60 20| 240 Wal(Dy (D))
19 2 n 2 4 n 2 2n n |8  Wal(Dgy (Pn))
20 3 3 2 4 |4 4 12 6 |48 Wal(Duy(T))
21 3 4 2 4 |8 6 24 12|96 Wal(Dgy (0)
22 3 5 2 4 |20 12 60 30|240 Wal(Dgy (D))
23 n n 2 2 1 1 n n | 4n Wal(Dp)

Table 2: The bipartite-regular hypermapson the sphere.

Basedon the knowledgeof regular hypermapson the sphere,we display in Table 2 all
the possiblevalues(up to duality) for the bipartite-t ype of the bipartite-regular hypermaps
on the sphereand the unique hypermap (up to isomorphism)with sud a bipartite-t ype.
Notice that the map of bipartite-t ype (1; n; 2;2n) can be constructedfrom D, either via
a Wal transformation Wal(D 2 (D,)) or via a Pin transformation Pin(D12)(D,)). Since
Wal(D2) (Dn)) = Wal(Duz(Dn)) thesetwo constructions (Wal and Pin) can actually
be carried forward on the samehypermap D1, (D). The TetrahedronR = T, which is
self-dual, givesrise to Wal(D 1y(T)) = Wal(T) = Wal(D)(T)).

3 Irregularit y and chiralit y

We follow the sameterminology and notations usedin [3]. Let K be a bipartite (that is,

°-conser‘ative) hypermap with hypermap-subgroupK < 0 If K is not regular (that
is, not -regular), thenits closurecover K isthe largestregular hypermap coveredby K
and its covering coreK is the smallestregular hypermap covering K. Hencewe have two
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normal subgroupsin , the normal closureK cortaining K, and the coreK cortained
in K. SinceK K, although K may not be normal in K , we have a group

(K) = K=K

called the lower-irregularity group of K. Its sizeis the lower-irregularity index and is
denotedby (K). The upper-irr egularity index, denotedby (K), isthe index jK : Kj.
If K is bipartite-regular, then K 0 and sinceK is a subgroupof 9 K K and
we have another group, the upper-irr egularity group

(K)= K =K:

Sincethe index of 0in s 2, the upper- and lower-irregularity groupsare isomorphic;

sotheir upper- and lower-irregularity indicesare equal (K is irregularity balanced). The

commongroup (K) = (K) = Is the irr egularity group of the bipartite-regular

hypermap K and the commonvalue (K) = (K) = isits irregularity index This has

value 1 if and only if K is regular. Being bipartite-regular, K is isomorphicto a regular
_marked hypermap (see[1])

Q= (G:a:b;c;d) = ( °=K;KA;KB:KC:KD):

where %= MA;B;C;Di = C, C, C, C,andK isthe °-hypermap subgroup of
Q (and the hypermap subgroup of K). Here G is the group generatedby a;b;c;d. To
compute the irregularity group of K we use:

relators R; = R;(a;b;c;d) then  (K) = hRRoj°,
See[3] for the proof.

The de nition of chirality givenin [2] is slightly di erent from that usedin [6, 7, 8, 9].
If K is bipartite (K < 9), not necessarilybipartite-regular, then K is °-chiral, or
bipartite-chiral, if the normaliserN (K ) ofK in isasubgroupof °. In other words, K
is O-chiral if the group of automorphismsAut(K) = N (K)=K cortains no \symmetry"
besides °.

Let K bea O-chiral hypermap. If K is bipartite-regular ( %-regular), then K 0
and sowe have N (K) = 0 ThusK is O-chiral if and only if K is not normal in ;
that is, if and only if K is irregular. As 0 hasindex 2 in , with transversalf 1; Rog,
we have K = KMo = KKRo = K if and only if Rg 2 N (K); that is, if and only
if KRg 2 Aut(K). Hencethe upper-irregularity index  gives a \measure" of \how
close" K is to having the \symmetry" K Rg outside ®. For this reasonwe also call
the upper-irregularity index (which coincideswith the lower-irregularity index) the 0.
chirality index of the bipartite-regular K. This expressesow \close" K is to getting a
\symmetry" outside ©, orin other words, how closeit is to losing O-chirality.

The samehappensto any normal subgroup with indextwo in . In particular, for

= 7, the upper irregularity index (or simply the irregularity index) of a *-regular
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(that is, orientably regular) hypermapcoincideswith the ™ -chirality index. This explains
the useof chirality index in place of irregularity index (of orientably regular hypermaps)
in the papers|[6, 7, 8, 9]. For more information and a generalde nition of chirality group
see[2].

K K Ibm;n jj K Iym;n genus
Pin(D(OZ) (M) Doz (D,,) 1;2n;2n 4n Doay (D,,) L;i2n;2n 4n 0 1 1
: Doy (D4) L44 8 |K , 24;2n 8n2  (n D?+1 |pn Dy oneven
Pin(Pn) . o 2 2 7z
Doy (D2) 1,22 4 |K 3 24,2n 1602 (n ‘12 |20 D,; n odd
Pin(Dg, (T)) | Dy (De) 1,66 12/K 4 26,6 192 9 4V,
Pin(Dy, (O) | Dy, (D2) L22 4 |K 5 2;6;8 2304 121 24 Sy
Pin(Dyy (D)) | Dy (D2) 1,22 4 [K g 2;6;10 14400 841 60 As
Pin(T) Doy (D2) 1,22 4 |K ; 34,6 576 37 12 Ay
Pin (C) Doy (Da) 1,44 8 |K g 34,8 1152 85 12 Ay
Pin (D) Doy (D2) 1,22 4 |K 3;4;10 14400 1141 60 As
Pin(Dy, (O) | Dgy (D2) 1,22 4 [K g9 4:4;6 2304 193 24 Sy
Pin(Dy, (D)) | Dgy (D2) 1,22 4 [K 3 54,6 14400 1381 60 As
P?n(D(lz) (Dn))| Doy (D2) 1;2,2 4 |K g n;2;2n  4n2 W n Cn
Pin(Dy, (Pn))| Dy (D4) 144 8 |K g3 m44 812 (n 12 |n Cp
Wal(Pn) Pon 2,2;2n 8n| P,, 2,2;2n 8n 0 1 1
Wal(T) Doy (D2) 1,22 4 |K g5 6,2,6 576 25 12 Ay
W al(C) Doy (D2) 1,22 4 |K 45 6;2;8 2304 121 24 Sy
Wal(D) Doy (D2) 1,22 4 |K 47 6;2;10 14400 841 60 As
Wal(Dy, () | Ps 2,2,6 24|K 45 42,6 384 9 4V,
Wal(Dy, (D)) | Dy, (D2) 12,2 4 |K g 10;2;6 14400 841 i 60 As
P4 2,24 16|K n;2;4 4n2 (02 % Cp;neven
WalQey (Pr)) g (D2) 122 4 |K 3 ;2,4 1602 (n ' 12 |20 D.:nodd
Wal(D,, (T) | C 32,4 48|C 32,4 48 0 1 1
Wal(D,, (O) | Dy (D2) 1,22 4 |K o 12;2;4 2304 97 24 Sy
Wal(D,, (D)) | Dy, (D2) 122 4 |[K 2 15;2;4 14400 661 60 As
W al(Dn) D2y (Pn) n;2;2 4n D2y (Pn) n;2;2  4n 0 1 1

Table3: K, K andK

Computing the irregularit y group
Let K = H ' = Wal(H) or Pin(H) conform' =" w Or' ., respectively, andlet H be
the hypermap subgroup of a regular hypermap H of type (I; m;n). The inverseimage
K = H' !isthe hypermap subgroupof K. The lower-irregularity index of K,  (K) =
K=K , isisomorphicto its upper-irregularity group  (K) = K =K, a subgroupof the
°-monodromy group G = =K of K. This common group, the irregularity group ,
can be computedin the following way. Accordingto Theorem9, the group G = Mon(H)
is a known group (seeTable 1). Being G the °-monodromy group of a bipartite-regular

hypermap, using' we can rewrite G in the following form
G=hbcdja®?=p=c=d*=1R=1i;
sud that aR° = ¢, o = d, R = aand d? = by R standsfor a set of relators on

a;b;c;d. By Lemma?2l,
= HRRj°
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is the closuresubgroupof RR° in G. This calculation is easily performedand the results
for ( K) canbe seenin the last columnof Table 3. For an exampleof how this calculation
is carried out seeTheorem 23.

However, since' ="', or'  sendsgeneratorsof © of odd lengthin to generators
of ofoddlengthin , wehavenecessarily *' 1= *0 where *0= *\ 0 Since
H *,thenK =K *0=k = *' I1=H4' 1= +*=H= Aut*(H);thatis, = K =K
is a normal subgroupof Aut* (H).

Let A= Ry, B =R, C=RF andD = RX. Then 0= mA;B;C;Di.

(1) If K = Wal(H) then K = hBD:(AB)";(DC)™:(CA)"i " soK = hBD:(AB),

(DC)™; (CA)"i . Letd=gcd(;m). Since(AB)™ = ((DC) m)RO and(DC)' = ((AB) I)RO
then (AB )Y and (DC)? alsobelongto K . Henceif d = 1, then AB and DC belongto
K andsoK = *0 Therefore = Aut*(H) whend= 1.

0

(2) If K = Pin(H), then K = hCD;(AB)";(BD)™;(CA)"i "; soK = hCD;(AB),
(BD)™;(CA)"i . Letd= gcdm;n). SinceK D =K C, K (CA)™ = K (DA)™ =
(K (BC)™MRo = (K (BD)™Re = K andso(CA)™ 2 K . Similarly, (BD)" 2 K
Henceif d= 1,thenK = *0%andconsequetly = Aut*(H).

Therefore the generalcalculations mertioned above only needto be carried out for
the caseswhered 6 1, namely the cases? (for n even), 3, 7, 12,17 and 19 (for n ewen).

Computing the closure cover K

Oncethe irregularity index is calculated, it is an easytask to compute the closurecover
K of K= H' | simply becausethe gerus of the closurecover is zeroand in the sphere
the type determinesuniquely a uniform (or regular) hypermap. Let (I; m;n) be the type
of the closurecover K and let (r;s; u;Vv) be the bipartite-t ype of the sphericalbipartite-
regular hypermap K. The number of ags | ¢ | of the closure cover must divide the
number of ags j kj of K. Also | divides gcd(r;s), m divides u and n dividesv. The
greatest possiblevaluesfor |, m and n are gcd(r;s), u and v, respectively. Moreover,
when gcd(r;s) = 1 we must have | = 1 in which casem = n and the greatest possible
valuesare achieved for m = n = gcd(u; v). SinceK is aregular hypermap on the sphere
and is determinedby |, m and n, we must ched if in eat casethe above choiceof I, m
and n give rise to a sphericaltype (cf. Table 1). If not we choosethe secondgreatest,
the third greatestand soforth. For ead bipartite-regular hypermapK in Table 2, where
(I1;12;m; n) is our (r; s; u; V), taking the greatestvaluesfor the triple (I;m;n) we get a
sphericaltype. To ched if sud triple determinesa hypermap covered by K we take a
half-turn in the middle of eat hyperedgeof K; these half-turns determine a covering
K 7! K . The results can be seenin Table 3.

Computing the covering core K .
The covering coreis already computed sincewe know its monodromy group

Mon(K )= Mon(K)
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and their canonicalgenerators. Feedingthese parametersin GAP [12], for example,we
get the rest of the information shown in the Table 3. In this table we obsene two isolated
maps (not in families) with lessthen 100 edges,the map D, (K ,) with 48 edgesand
Petrie path of length 4, and K ;5 with 96 edgesand Petrie path of length 6. In [25], where
we can nd a good list of regular mapsup to 100 edges(although the list is guararteed
to be completeonly up to 49), thesemapsare P(70) and DP (190) on pagesl44and 181
respectively. Thesecan be consultedin the recenly created Censusof orientably-regular
maps[27].

4 Final comments

By examining Table 3 we obsene the following extra result,

Theorem 22. The irr egularity (or chirality) index of a bipartite-r egular hypermap can be
any positive integer numbker. Moreover, cyclic groupsand dihedral groupsare irr egularity
groups of bipartite-regular hypermaps.

Using the Pin and Wal transformations we can say a little more.

Theorem 23. On each orientable surfac of genusg there are O_chiral hypermaps(that
is, irr egular bipartite-r egular hypermaps) with irr egularity indices2g+ 1, 49+ 2 and 4g.

Proof. Just take the Pin(M ) and the Wal(M ) constructionsover the one-faceregular
map M  formed from a single 2k-gon by identifying opposite edgesorientably. The map
M k hastype (k; 2;2k) or (2k; 2; 2k) accordingask is odd or even. The monadromy group
of M  is the dihedral group D,x generatedby the involutions rq, r; and r, subject to
the relations (ror1)? = 1 and r, = ro(riro)%. The gerus of M  is k—21 if k is odd and
g otherwise. Henceead orientable surfaceof gerus g supports two mapsM , onefor k
odd and another for k even. Note that M  has1 or 2 verticesaccordingask is even or
odd.

(a) (b) (c)
Figure 3: (a) The M x map (opposite edgesiderti ed orierntably).
(b) Pin(M ). (c) Wal(M ).

The bipartite-regular hypermap Pin(M ) has bipartite-t ype (1; k; 4;4k) if k is odd and
(1; 2k; 4;4k) otherwise. The bipartite-regular map Wal(M ) has type (2;k; 2;4k) or
(2; 2k; 2;4k) accordingas k is odd or even. Let H be the hypermap subgroup of M

andK = H' 1 where' ="' or

w-
(1) The hypermapPin (M ). The epimorphism' , inducesanisomorphismG = 0=k |
=H, mappinga 7! ry, b7 ry, c 7! roandd 7! ro. That is, c= din the °-monodromy
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group of Pin(M ). With the help of '
d to get the °-monodromy group

we rewrite M on(M ) in function of a, b, c and

P

G=hbcdja’l==c=d*=1c=d;(ca®* = 1;b= c(adi :

In this caseR = fcd ;(ad?;c(ac*b g and the irregularity group of Pin(M ) is the
normal closureof RR? in G; thus
= hab *; (ca)*;a(ca)*d i® = hati® = hali:

Sinceab= (adk*!, this group hassizek if k is odd and size2k otherwise. HencePin (M )
hasirregularity index = k= 2g+ 1, for k odd, and = 2k = 4g for k ewven.

(2) The map Wal(M ). Proceedingsimilarly we obtain

G = 0 MonWal(M y))
= mbicidja?=0=c=d’= 1b= d;(ca)® = 1;b= c(adki
and irregularity group = had = Cy cyclic, giving rise to irregularity indices = 2k =
4g+ 2 whenk isodd and = 2k = 4g whenk is ewen. O

For non-oriertable surfaceswe cannot answer a rmativ ely sinceto obtain O_chiral
hypermapsthe Pin and Wal constructions need regular hypermapsand we know that
there are noneon the non-oriertable surfaceswith negative characteristic 0, 1, 16, 22, 25,
37,and 46 [5, 28].
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