Wreath Productsof Pernutation Classes

Robert Brignall
Sdool of Mathematics and Statistics
University of St Andrews
St Andrews, Fife, Scotland
robertb@mcs.st-and.ac.uk
http://turnbull.mcs.st- and.ac. uk/~robertb

Submitted: Sep28, 2006; Accepted: Jun 3, 2007;Published: Jun 28, 2007
Mathematics Subject Classi cation: 05A05, 06A07

Abstract

A permutation classwhich is closedunder pattern involvemer may be described
in terms of its basis. The wreath product construction X oY of two permutation
classesX andY is alsoclosed,and we exhibit a family of classesy with the property
that, for any nitely basedclassX, the wreath product X oY is also nitely based.
Additionally , we indicate a generalconstruction for basiselemerts in the casewhere
X oY is not nitely based.

1 Intro duction and Statement of Theorem

Two nite sequence®f the samelength, = aja, a, and = kb, b, are said
to be order isomorphic if, for all i;j, we have a; < g if andonly if b < Iy. Viewing

distinct symbols is order isomorphicto a unique permutation. A permutation is saidto
be involved in the permutation  (denoted ) if there is a subsequencéor pattern)
of orderisomorphicto Y. For example,1324 6351427becauseof the subsequence
3547. A book introducing the study of these permutation patterns has beenwritten by
Bona[6].

This involvemen order forms a partial order on the set of all nite permutations;
setsof permutations which are closeddownwards under this order are called permutation
classes Theseclassesare speci ed primarily in one of three ways:

Pattern avoidance. A permutation classX canbe regardedasa set of permuta-
tions which avoid certain patterns. The set B of minimal permutations not in X

YFor a sequence (not necessarilya permutation) and set of permutations Y, with a slight abuse of
notation, we will sometimeswrite statemerts like\ 2 Y", meaning\the permutation order isomorphic
to liesin Y."
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forms an antichain, and is known asthe basis of X. We write X = Av(B) to mean
theclassX = f j 6 forall 2 Bg. Antichains (and hencebases)neednot
be nite { see,for example, Atkinson, Murphy and Ruskuc [3], Murphy [11] and
Murphy and Vatter [12].

Permuting machines. Permutation classesrisenaturally asa result of madines
which permute an input stream of synbols. The rst sud classto appear wasthe
set of stadk-sortable permutations, preseed by Knuth [10].

Constructions.  New permutation classescan be formed using constructions in-
volving oneor more old classes Atkinson [2] givesthe rst study of these,and some
further constructionscan be found in Atkinson and Stitt [4] and Murphy [11].

In all but the rst of these,a natural questionto askis if the classis nitely based.
In the caseof permuting machines{ more speci cally, stack sorting { Bona's surwey [5]
reviews se\eral answers to this question. In the caseof constructions, there are many
with only partial answers. Here, we will considerthe question of basisfor the wreath
product, a construction which is intrinsically connectedto simple permutations and the
substitution decompsition { seeAlbert and Atkinson [1] and Brignall, Huczynsla and
Vatter [8]. A special caseof the wreath product { the \pro le classes"of [2] { was also
usedto give alternative proofs of the erumeration results in West[13).

Given a permutation 2 S, and nonempty permutations 1; »;:::; n, theina-
tion of by ; 2;:::; , is the permutation obtained by replacing eat point (i)
by an interval order isomorphicto ;, and is denoted [ 1; »,;:::; n]. For example,
132[21 2413 321]= 217968543 Conversely a de ation of is any permutation arising
from a decomppsition = I T

The wreath product of two setsof permutations X and Y (not necessarilypermutation
classes)is the set X oY of all permutations which can be expressedas an in ation of
a permutation in X by permutations in Y, i.e. the set of permutations of the form

1, 2,505 nJwith 2 X and 1 5;:::; o2 Y. It iseasyto chek that the wreath
product of two permutation classess againa permutation class,but in only a few casess
the questionof nite basisanswerable. It is proved in [4] that for any nitely basedclass
X, the wreath product X 0Av(21) is also nitely based,and that Av(21) cAv(321654)is
not nitely based.Here,we generaliseéboth of theseresultsby observingthe connectionto
\pin sequences"rst introducedin [7]. A review of the required results for pin sequences
is preseted at the beginningof Section5, but, for now, we may simply view a pin sequence

be used (among other things) in systematisingthe construction of many of the known
in nite antichainsin the involvemern order. Our primary aim thereforeis to establishthe
following generaltheorem:

Theorem 1.1. For any nitely basal classY not admitting arbitrarily longpin sequenes,
the wreath product X oY is nitely basel for all nitely basel classesX .

The approad is constructive; rst we introduceY -pro les, which give us the ability
to decommsepermutations arising in wreath products into componerts belongingto the
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Figure 1: Two intervals and their intersection.

two original classesFor a permutation not arising in sud a wreath product, we prove the
existenceof a subsequencerder isomorphicto a basiselemen of the classX . Moreover,
there is a basiselemen of Y lying within the \minimal block"™ de ned by any two points
of this subsequencelt is then a matter of using theseconsiderationsto shav that, when
the classY admits only nite pin sequencesthe minimal elemers not in the wreath
product have boundedsize.

Our secondaryaim, arising as a result of the above considerations,is to exhibit a
number of classesof the form Y = Av( ) forj j 3,orY = Av( ; )withj j 4,
j ] 4 which do not satisfy Theorem 1.1, and to demonstrate how an in nitely based
wreath product X oY can be found in ead case.

2 Simplicit y and Substitution Decomp osition

As mertioned earlier, the wreath product is closelyrelated to simple permutations and the
substitution decompsition, both of which we will need,so herewe review theseconcepts.
Often we are going to view permutations as points in a plane; the plot of a permutation

is the setof coordinatesf (i; (i))g in the plane. This viewpoint will provide invaluable
insight into many of the structural considerationsdiscussedater on.

An interval or black of a permutation  isasegmehn (i) (i + 1) (i+j) in which
the set of valuesforms an interval of natural numbers. In the plot of a permutation,
intervals can be seenas a set of points enclosedin an axis-parallel rectangle, with no
points lying in the regionsabove, below, to the left or to the right. It is worth noting
that the intersection of two intervals is itself an interval, an obsenation clearly seenin
Figure 1.

The permutation is simple if its only intervals are singletons, or the whole of
Note that simple permutations have only trivial de ations, and arethe only permutations
with this property. As sud, they can be regardedasthe building blocks of permutation
classes Every permutation canbewritten asthe in ation of a unique simple permutation,
and this decompsition is known asthe substitution decomposition. We shall refer to the
unique simple permutation in this decompsition as the skeleton If the skeleton has
length at least 4, then the whole decompsition is unique:

the electr onic journal of combinatorics 14 (2007), #R46 3



Prop osition 2.1. If  hasa substitution decomposition 1, 2,000 m] with m 4,
then every ; is determined uniquely.

When m = 2, we may write = 12[ ;; »], in which case is sum decomposable
or = 21[ 1; »], in which case is skewdecomposable and in both casesthe choice
of 1; » is not necessarilyunique. A permutation that is not sum (respectively, skew)
decompmsableis sum (resp. skew) indecomposable

3 Y-Proles

We needto be ableto know when a given permutation lies in the wreath product of two
permutation classes. This could be done by inspecting all possibledecompsitions and
cheking for menbership of the original classesput this is liable to be computationally
intensive. Instead, we would prefer only to ched a single decompmsition, from which
menbership or otherwise of the wreath product is immediately obvious.

The prole of a permutation is the unique permutation obtained by cortracting
every maximal consecutie increasingsequencen into a single point [2]. For example,
the pro le of 3415672s 3142becauseof the segmets 34, 1, 567 and 2.

The notion of a\Y-prole" connectsthis ideawith the de nition of the substitution
decompsition = ;.00 m]jof . Wewant the Y-prole of to be the shortest
possiblede ation of , givenwe may only de ate by elemens from the classY. Howe\er,
this is not clearly well-de ned, so before we can proceed, we must rst introduce Y -
de ations.

Formally, let Y be a permutation class,and any permutation. Thena -de ation of

is a permutation °for which canbeexpressedhs I 1; ,;:::; WJwith ;i1 ¢ 2
Y. For an arbitrary permutation , there are many di erent Y -de ations. Howeer, the
shortestoneis unique, and it is this onethat givesrise to the Y -pro le.

Lemma 3.1. For everyclosal classY and permutation , the shortestY -de ation of
is unique.

Proof. We proceedby induction on n = j j. The casen = 1 is trivial, Sonow suppose
n > 1. Fix a shortestY -de ation of the permutation , and label this permutation .
If 2Y then Y = 1isunique,sowe will assume 2.

Let ,oflengthm 2, bethe skeletonof , and rst considerthe casewherem 4,
wherely we have the unique substitution decompsition = 1, 2.5 m]. By the

label them {; ¥;:::; Y. Weclaimthat Y = [ [; J;:::; Y]. Considerany other
Y -de ation of , = 1, 200 «]. Since 2Y, Ccannotbe trivial, and so 0
andindeed isthe skeletonof ¢ giving auniquede ation °= [ ?;:::; 2]. Moreover,
Yis a Y-de ation of ; for all i. Since " is the unique shortestY -de ation, we must
have [ 2 which implies ¥  ©

Whenm = 2, morecareis required. In this case is either sumor skewdecompsable,
and without lossof generality we may assumethe former. Write = 12 t[ 1; 2;::0; ]
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whereead ; is sumindecompsable.If every ; 2 Y, then any shortestY -de ation of
will be an increasingpermutation of length at mostt, and asthere is only oneincreasing
permutation of ead length, ¥ will be uniqgue. Sonow supposethat there exists at least
onei such that ; 2Y, sothatj Yj 2. Since ; is sumindecompsable, " is alsosum
indecomposable. We claim the shortestY -de ation of  will be

Y=(1 [ 1)Y |Y (i t)Yi

Any other Y -de ation will alsohave to be written asa direct sum of three permutations
in this way, and by induction eadt of thesewill involve the respective shortestY -de ation.
]

Thus, for any classY and permutation , the Y-prole of is the unique shortest
Y -de ation of , andis denoted Y. Note that setting Y = Av(21), the set of increasing
permutations, returns the original de nition of the pro le, but if we setY = S, the set of
all permutations, we do not get the substitution decompsition back, as S = 1 for any
permutation. Howewer, an easyconsequencef the above proofis that if 2 Y, and is
the skeletonof , then v,

As mertioned at the beginning of this section,our aim with Y -pro les is to be able to
to move from the permutations of the wreath product X oY down to the permutations
in the two classesX and Y in a single step. Thus although initially we may know very
little about the structure of a permutation in the basisof X oY, by taking its Y -pro le we
should be left with a permutation involving a (known) basiselemen of X. Conversely
we warnt to be ableto construct basiselemeits of X oY givenonly the basesof X and Y.
Theseideasare encapsulatedn the following theorem.

Theorem 3.2. Let X and Y be two arbitrary permutation classes. Then 2 X oY if
andonlyif Y 2 X.

Proof. One direction is immediate. For the corverse,since 2 X oY, there exists °2 X
which is a de ation of by permutations in Y. The proof of Lemma 3.1 then tells us
that ° completing the proof. O

Any expressionof the form = Y[ q;:::; «] is called a Y-prole decomposition
of , and the blocks ; are called the Y-prole blacks These blocks are not typically
uniquely de ned. For example, the Av(123)-pro le of 234615is 23514, but it can be
decommsedeither as 23514[121;1;1; 1] or 23514[112;1;1;1]. Thus it will be usefulto
X a particular Y -pro le decomposition, esgecially as later we are going to needto know
about the structure of ead of the Y -pro le blocks.

The left-greedy Y -pro le of isthe decommsition = Y[ q; o;:::; Jwith ;2Y
for all i, in which ; is rst chosenmaximally, then 5, and soon. Each ; is called a
left-gready Y -pro le black of . This yields the usual, unique, Y -pro le:

Y

Lemma 3.3. For any classY and permutation = Y,
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Proof. Again, we useinduction onn = j j. The basecasen = 1 is trivial, sonow suppose
n > 1. Assumefurther that 2 Y, asotherwise ¥ = Y = 1 follows immediately. Let

Y -pro le decompsitionof ,andlet [ 1; 2;:::; m]bethe substitution decompmsition.

Consider rst the casewherem = j j 4. By the proof of Lemma 3.1, we have

Y= [ ), Yoo Y10 A similar argumert shovsthat ¥ = [( )Y;( 2)Y5:05( m)Y],
and by induction [ = ( ;)" for all i, giving the required result.

Whenm = 2, is either sum or skew decompsable,and we may assumethe former.
Write =12 t[ 1; »;:::; ] whereead ; is sumindecompsable.In the casewhere
ewery ; 2Y,both Y and Y will beincreasingpermutations with k ~ t. When
using the left-greedyY -pro le decompsition, the block ; waschosenmaximally, and so

1 1. Thenthe block , wastaken maximally, sothe Y -pro le block , cannotextend
further right than the endof ,, hence » 1 ». Continuing in this manner, we see
that, for all i, 1 2 i, and in particular 1 2 k. But we
must havek °, andsok = °. The remainingcaseis whereat leastone ; 2 Y. Picki to
be minimal with this property, and then by the proof of Lemma3.1,the Y -pro le breaks

into three pieces,
V= (4 [ 1)Y |Y ( i+ t)Y3

A similar argumen holds for the left-greedy Y -pro le, and then by induction eat of
the three piecesin the left-greedy Y -pro le is equal to the correspnding piecein the
Y -pro le. O

There s, of course,nothing special about the left-greedyY -pro le; it canbe seenthat
any algorithm to computea Y -pro le-lik e decompsition in which at eat stagethe blocks
are chosenmaximally will yield a Y-prole de ation. For our purposes,howewer, when
required we will always usethe left-greedyalgorithm.

4 The Minimal Blo ck

The primary aim of this sectionis to be able to tell if any two points in a permutation
belong to the sameleft-greedy Y -pro le block, and also a partial corverse: given the
Y -pro le de ation, what canwe say about the points \b etween" two speci ed points? To
this end, we de ne a new conceptas follows. Let be any permutation of length n. For
alll i< j n,theminimal black of that contains (i) and (j), denotedmb( ;i;j),
is the set of points of which forms the shortestinterval cortaining both (i) and (j).
In other words, there existsk i and™ | ksud that mb( ;i;j) = (k) (k+7)
forms an interval but no subsegmen of this cortains both (i) and (j) and forms an
interval. For example,if = 236745981then the minimal block on (2) = 3and (3) = 6
is mb( ;2;3)= 36745(SeeFigure 2).

It follows from the obsenation that the intersection of two intervals itself forms an
interval that the minimal block is always uniquely de ned. Beforewe can proceedto the
main result, we make one further obsenation.
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Figure 2: The minimal block mb( ;2;3)in = 236745981.

Lemma 4.1. Let be any permutation andleti 6 j be any pair of positionsin . Then
if k;”2 mb( ;i;j) with kK 6 ~ we have

mb( ;k;1)  mb( ;i;j):
Moreover, if both i andj semrate k from ~ by position, thenmb( ;k;) = mb( ;i;]).

Proof. That mb( ;Kk;") is cortained in mb( ;i;j) is obvious. Now supposei andj sep-

arate k from ° by position, i.e. k i <] *. Then mb( ;k;") is an interval of
cortaining both (i) and (j). As mb( ;i;j) is minimal with this property, we have
mb( ;i;j) mb( ;k;’) andsomb( ;i;j) = mb( ;k;"). O

We are now ready to prove our main technical result of this section.

Lemma 4.2. LetY be a permutation class,andlet 2 S, be any permutation. Then for
anypair i;j withl i<j n:

(i) If the permutation order isomorphicto mb( ;i;j) doesnot lie in Y, then (i) and
(j) lie in dierentY-prole blacks.

(i) Conversely,if (&) and (g) are the rst symiwls of two distinct left greedy Y -
prole blacks ; and ; respctively, then the permutation order isomorphic to
mb( ;i;j) doesnot lie in Y.

Proof. (i) By minimality and uniquenesof the minimal block, every block in  cortaining
both (i) and (j) must cortain the minimal block mb( ;i;j). Henceewery sud block
doesnot lie in Y, socannotbe a Y -pro le block.

(i) Write = Y[ 1; 2;:::; «], andlet the sequence (a;); (a);:::; (ax) represen
the leading points in  of the left-greedy Y-pro le blocks 1; »;:::; . Let ;and j,
i < j, beapair of Y-pro le blocks. We prove the statemert by induction oni.

When i = 1, the block ; was picked maximally subjectto ;2 Y. Foranyj > 1,
the minimal block mb( ;a;;&) strictly cortains ; and then the maximality of ; is
cortradicted unlessmb( ;a;;a) 2 Y.
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Supposenow that i > 1, and that mb( ;a;a) 2 Y forany " < iandj > ". The

Y -pro le block ; was picked maximally to avoid basiselemerts of Y, subject to starting

at symbol (&). Consider,for somej > i, the minimal block mb( ;a;; ), necessarily
cortaining all of ;. If the leftmost point of mb( ;a;;8) is (&), then since ; is the
maximal block lying in Y which starts at (a;), we must have mb( ;a;;8) 2Y. Sonow
supposethat mb( ;a;;a) cortains at least one symbol (h) from with h < &. Let

the Y-prole block cortaining (h) be -; we claim that - is completely cortained in

mb( ;a&;a). If not, then part of - liesoutsidemb( ;a&;; &) in both position and value,
and so the part lying inside mb( ;a&;a;) itself forms an interval in either the top-left

or bottom-left corner of the minimal block, but yet it cortains neither (a;) nor (g),

cortradicting the minimality of mb( ;a;;a). In particular, the rst symbol (a) of

is in mb( ;a&;g), and by Lemma 4.1, we have mb( ;a;a) = mb( ;a&;g). By the

inductive hypothesismb( ;a;a) 2 Y, andsomb( ;a;g) 2 Y. O

Using this result, we now know whentwo points of a permutation will lie in the same
Y -pro le block, and, more importantly for what follows, we know that a basiselemen
of Y existsin the minimal block of the rst symbols of any two Y -pro le blocks. What
we do not yet know is how to nd it; given sudr a minimal block, we needa method to
seard through the block systematicallyand locate the points that form this basiselemen
within a boundednumber of steps. This is the subject of the next section.

5 Pin Sequences and the Wreath Pro duct

Pin sequencesvere introduced by Brignall, Huczynslka and Vatter [7] in the study of
simple permutations. The idea there is that, since simple permutations have no non-
trivial intervals, if we begin with any two points we can usepin sequenceso getto any
chosenextremum (i.e. a maximum or minimum either by position or by value) of our
simple permutation. Here we are not working solely with simple permutations, and we
cannot expect the sameresult to hold in the generalcase. It is, howewer, obtainable for
the minimal block. We begin by reviewing someterminology from [7], and to do this it is
bestto revert to viewing permutations as plots in the plane.

Let bea permutation. A pin sequene is a sequenceof points py; p.;::: of  which
fori 3 obey, when plotted in a plane, the following two conditions.

P 2 rect(py; pP2; il P 1),

For ead pin p;, i 3, we also specify a direction, being left, right, up or down. For
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and pg areright pins, p4 is an up pin, p; a down pin and pg a left pin.
We create a proper pin sequene by adjoining two further conditions:

Maximality: ead pin must be taken maximally in its direction. For example, a

is maximal in its direction. Similarly, p, and p; are proper pins, but ps; ps and ps are not,
as pz doesnot obeying maximality, ps doesnot separatep, from rect(p.; p2; p3), and pg
doesnot separateps from rect(ps; p2; Ps; Pa)-

In a proper pin sequencethe maximality and separationconditions force the pin p;.;
to have direction perpendicular to the direction of p;, sofor examplea left pin can only
be followed by an up pin or a down pin.

If a pin sequencepy; p2;:::;pm Of is sud that rect(py;p2;:::;pm) enclosesll of
then we say that it is saturated. When we restrict to proper pin sequencehis is likely to
be impossibleto achieve, even in simple permutations. Howewer a weaker condition does

enclosesall of

Prop osition 5.1 (Brignall, Huczynsk a, Vatter [7]). From any pair of points in a
simple permutation, there existsa proper right-reaching pin sequene.

Since we are not working solely with simple permutations, we needto modify this
proposition. Instead, we want the sameto hold within a minimal block, de ned as usual
by two points, which also form the rst two points of our proper pin sequence.Here,
right-reaching meansthat the last pin is the right-most point of the minimal block, rather
than of the whole permutation. Hence:
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Lemma 5.2. Let 2 S, be any permutation, andlet1 i < j n. Then there
existsa proper pin sequene with starting points p; = (i; (i)) andp. = (j; (j)) whichis
right-reachingin mb( ;i;j).

Proof. In the minimal block mb( ;i;j), there existsa saturated (non-proper) pin sequence
P1; P2; i o starting from the pins p; = (i; (i)) and p, = (j; (j)). If there were no sud
sequencethen somecorner of the minimal block, not including either (i) or (j), would
form an interval by itself, cortradicting the minimality of mb( ;i;j). Moreover, we may
assume,by removing unnecessarypins and relabelling, that ewvery pin is maximal in its
direction.

The proof then follows the proof in [7] of Proposition 5.1. Sincethe pin sequence
is saturated, it includesthe rightmost point of . Label this point p;,. Next, take the

Corntinue in this manner, nding pins pi,; pi,;::: until we read p;,..,, = P2, and then
P1; P2: P i P .55 Pi, IS @ proper right-reaching pin sequence. O

Proposition 5.1 is easily recovered from Lemma 5.2 by setting to be a simple per-
mutation, and observingthat all minimal blocks in a simple permutation are the whole
permutation.

We are now ready to prove our main result.

Theorem 5.3. Let Y = Av(B) be a nitely basal permutation classnot admitting ar-
bitrarily long pin sequenes. Then X oY is nitely basal for all nitely basal classes
X = Av(D).

Proof. Let b= max ,g(j j), d= max,p(j j), and be any permutation in the basisof
X oY. By Theorem 3.2, we have Y 2 X, and so there exists some 2 D sud that

Y. We will be doneif we canidentify a boundedsubsequencef orderisomorphic
to a permutation ! , say, for which 'Y, asthen! Y 2 X implies! 2 X oY, and hence

First include in our subsequencef the set of points order isomorphicto  with

distinct left greedyY -pro le block, and the choice of blocks is also leftmost. For ewery
pair di;di+;, Lemma 4.2 tells us that the minimal block mb( ;d;;di+1) involves some

2 B, and we include one sud occurrenceof this in our subsequenceOur aim now
is to add a bounded number of points sothat still lies in the minimal block of the
permutation ! on the points correspndingto (d;) and (di+1), asthen thesetwo points
are presened distinctly in ! Y. We do this by taking a proper right-reaching and a proper
left-readhing pin sequenceof mb( ;d;;di+1) (which exist by Lemma5.2), and including
them in the subsequenceThesepin sequencesire only guararteedto be boundedwhen
Y doesnot admit arbitrarily long pin sequencesasthen there existsa number N sothat
ewvery pin sequenceof length N + 2 involvessomebasiselemen of Y.

Thus! Y still involvesa subsequencerderisomorphicto , andj!j d+(d 1)(2(N

1) + b). O
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Figure 4: The elemen 5 in the basisof Av(25134)0Av(321).

Brignall, Ruskucand Vatter [9] proved that determining whethera nitely basedclass
doesnot admit arbitrarily long pin sequences decidable,and thereforegiven any pattern
classwe can tell whether Theorem 5.3 applies.

6 Innitely Based Examples

For a classY which admits in nite pin sequencesTheorem 5.3 gives us no information
on whether the basisof X oY (herefor a speci ed classX) is nite. Howewer, the proof
doestell us what someof the basiselemerts look like. A basiselemen of a wreath
product X oY is built around a core of points order isomorphicto a basiselemen of
X . To presene all the points of this core when taking the Y-prole of (as required
by Theorem 3.2), every minimal block betweenany two points of the core must involve
a basiselemen of Y. If we can embed arbitrarily long pin sequencesn these minimal
blocks, may itself be madearbitrarily long. For example,the classAv(321) admits the
in nite pin sequencdormed by alternating betweenup and right pins, and sowe have:

Theorem 6.1. Av(25134)0Av(321) is not nitely basel.

Proof. We exhibit an antichain generatedby repeatedly taking up and right pins lying in
the basisof Av(25134)0Av(321). The rst few elemertts of the arntichain are

1 2,513,764
2 = 2;5/1,3,7,4,9,8,6
2,5 1,3,7,4)9,6,11,8;:::;2k+ 3;2kj 2k + 5,2k + 4,2k + 2 (k 3):

k

Here,asin [3], the j synmbol is usedonly to clarify the structure of the permutation. See
Figure 4 for an illustration of a typical member of this antichain. We obsene:

(i) Thesetf jk 1gisan antichain.
(i) The only occurrenceof 321in eah  is 2k + 5;2k + 4; 2k + 2.

(i) The only occurrenceof 25134in eadh  is 2;5;1;3; ; 4, and hencethis forms the
core.
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(iv) Each  is neither sum nor skew decompsable.

(v) The Av(321)-prole of  is 2;5;1;3;7;4;:::;2k + 3;2k; 2k + 4;2k + 2 (the only
nontrivial de ation occursbetween2k+ 5and 2k+ 4). In particular, 25134 ;\\/(321)

for all k, henceby Theorem3.2 2 Av(25134)0Av(321).

It only remainsto shav that  is minimally not in Av(25134)oAv(321). Considerthe
e ect of removing any symbol j. If j = 2k+ 5;2k + 4 or 2k + 2 then by (ii) this no longer
involves321so ¢ | 2 Av(321) Av(25134)0Av(321). Similarly, if j = 2;5;1;3 or 4
then by (iii) ¢ j nolongerhasacore,so | 2 Av(25134) Av(25134)oAv(321).

For any other j, « | is sum decommsable. Under the Av(321)-pro le, the rst
(lower) componert de ates to a singlepoint, and hence( , j)*V©®?Y 2 Av(25134). Thus
k | 2 Av(25134)0Av(321), completing the proof. O

Note that in the above example,the classX = Av(25134)was speci cally chosenso
that the basiselemen 25134is not cortained in the repeated pin sequenceusedto build
the antichain, but it doeslie in the classY. This ensureghat the setf jk 1gformsan
antichain, since otherwisethere would exist a pair of permutations , and - which are
comparable,a cortradiction sincethe copiesof both 25134and 321in  and - would
have to coincide,leaving no way to embed the pin sequenceof oneinto the other.

As a result, for any classY which cortains both the in nite pin sequencdormed by
alternating betweenup and right pins, and the permutation 25134,the wreath product
Av(25134)oY will always cortain an in nite antichain similar to the one above.

Example 6.2. (i) The classesy = Av(321;2341)and Y = Av(321;3412)both avoid
the permutation 321 and so the antichain in the proof of Theorem 6.1 lies in the
basisof Av(25134)oY in both cases.

(ii) All ofthe classe®fthe formY = Av( ; ) where( ; )is(43214312),(43214231),
(4321, 4213), (4321, 3412) and (4321; 3214) avoid 4321, and so the antichain with
terms

1 = 251,387,6/4
2 = 25137410986
2,5;1;3,7,4)9,6;:::;2k+ 3;2kj2k+ 6,2k + 5,2k + 4,2k + 2 (k 3)

k
liesin the basisof Av(25134)oY in eat case.

(i) The classesY = Av(43124231),Y = Av(43124213)and Y = Av(4312 3421)all
avoid 4312,soreversingthe nal two points of eatr | in case(ii) givesthe required
antichain.

Example 6.3. The two classesy = Av(4321;4123)and Y = Av (4312 4123)both admit
the pin sequencdormed by repeatedly taking up and right pins, but do not cortain the
permutation 25134 becauseof the basiselemen 4123. Howe\er, the classX = Av(25143)
may be usedinstead. In the rst case,the antichain is (seeFigure 5 for an illustration):
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Figure 5: The elemel 5 in the basisof Av(25143)0Av (4321, 4123).

1 = 2,51,4,8,7,6;3
2 = 25147310986
2,51;4,7,3]9,6;11,8;:::;2k+ 3;2k j 2k + 6,2k + 5,2k + 4;2k+ 2 (k  3):

k

All the examplesso far have admitted the same\up-right" pin sequence.Another
commonly found in nite pin sequences formed by repeating the pattern left, down,
right, up , and there are (to within symmetry) two classe®f the formY = Av( ; ) with
J 1= j= 4which admit this sequence:Y = Av(34122413)and Y = Av(34122143).
Ead onemust be handled separately

Example 6.4. (i) Y = Av(3412 2413)may be pairedwith X = Av(31542)to produce
the antichain with terms

1 = 816497523

k = 4dk+ 4,1,4k+ 2;4;4K;6;:::2k+ 6; 2K |
2k+ 4;2k+ 2,2k + 7,2k + 5,2k + 3
2k+ 9;2k+ 1;:::;4k+ 5:5]2,3 (k 2):

SeeFigure 6 for an illustration. Note that the occurrenceof 3412in any  is not
unique, but ewvery occurrencerequiresthe nal two symbols 2;3 of , and sothese
points still behave in the sameway asin previousexamples.

(i) Y = Av(3412 2143)may be paired with X = Av(412563)to producethe antichain
with terms:

1 = 10/1;8;4,6;9;11; 7,5, 2,3

k = 4k+ 6;1,4k+ 44,4k + 2,6;:::;2k+ 8,2k j
2k + 6,2k + 2,2k + 4,2k + 7;2k + 9; 2k + 5; 2k + 3]
2k+ 11,2k + 1;:::;4k+ 7;5] 2,3 (kK 2):

This repeating pattern is the foundation for the \Widdershins" antichain of [11].
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Figure 6: The basiselemen 3 in Av(31542)0Av (3412 2413).

7 Concluding Remarks

The above examplessuggestto someextert, a generalmethod for nding in nite bases.
Howeer, these examplesrely on just one method for constructing antichains, and there
is no reasonwhy this method should always work*. Moreover, within this construction,
nding a suitable classX for a given classY is very speci c in ead case.

In fact, it is unlikely that we can always nd sud a classX. For example, the
classof all subpermutations of the increasing oscillating sequene, 416385 , is given
by Av(321;2341 3412 4123)[9], and admits the in nite proper pin sequencealternating
betweenan up pin and aright pin. Howeer, there are no other permutations in this class
which can be usedto andhor an in nite antichain basedaround this pin sequencesothe
method descriled hitherto doesnot work here. We therefore posethe following question.

Question 7.1. Is there a nitely basal classX for which X 0Av(321;2341, 3412 4123)is
not nitely basel?
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