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ÊÌË�ø2Ô„Ö/4•Ë2ø�Î6êSÐ•Ë�Î6Ó}Ï>ÎfÎ6ÓSËªÏ`ÖSÍ•Ñ
Ë2Ð§Ò°Í.œDÖSÔ*žMÙ

f

êSÐ�Õ�Ï`Ò°Ö�Ð•Ë2Í•êSá‰Î

ÚSÐ•Ô*Û,Ò°×SË2Í�ÏfÍ•Î6Ð•Ô„ÖSÜ§Ü„Ë2ÖSË2Ð6Ï`á°Ò°Í6Ï>Î6Ò°Ô„ÖHÔ`Ø€î_ÓSË2Ô„Ð•Ë2ÕŸc„Ù 1fß)à�Ë2Í•ÎMÏ`ßSá°Ò°Í•ÓSÒ°ÖSÜ�Î6ÓSËRÎ6Ð•ê�Î6ÓhÔ`Ø€Ô„êSÐ�ø2Ô„Ö/4•Ë2ø�Î6êSÐ•Ë

Ø]Ô„Ð´ØYÏ`Õ�Ò°á°Ò°Ë2Í

F
Î6Ó}Ï>ÎpÏ`Ð•Ë§õMã*�fâ¹æ6åMçMç*å6ófä�æOè �ìä�ñŸèV|�æ6åMç:â}åMõ�è¹è:ã¡�<ð`ò�å�ý°å���å�ò}è

f � 2 U(F ) Þ

ÒrÙ Ë`Ù
ØYÏ`Õ�Ò°á°Ò°Ë2Í

F
Ø]Ô„Ð'Ñ'ÓSÒ°øMÓ

f 2 F 2 F nF (f � )
Ò°Õ�ÚSá°Ò°Ë2Í

(F nf f g) [ f f � g 2 F (f � )
Ù_ÊÌË�Ï`Ð•ËªÏ`á°Í•Ô�ø2Ô„ÖSø2Ë2Ð•ÖSË2×

Ñ'Ò‰Î6Ó�Í•Î6Ð•Ò°ø�Î�Ï`ÖS×�ÖSÔ„Ö,ë:Í•Î6Ð•Ò°ø�Î+!�#%$ ø�Ï`Í•Ë2Í2Ù

¢

?-WC£�=C¤•Y/¥>@/=IDGFk¦¨§
å�è

F
�Oå�ð`òG�`�2ð•�hñŸý��#ã��fç*å�èŸç¡_$ð`ò¹ó�ý°å�è

k � 2 a0©

|}å�ò

�ìñ �

SF ;k
ñ°ç^
����`ª

�ìñŸñ �

SF ;k
ñ°ç§ç�èYæOñrõ�èYý��0
����¿ô,ò}ý°åMçMç

k = 2
ð`ò¹ó

jOF (f )j � 3
��ã>æfç*ã*��å

(f ; 1) 2 L(SF ;2) a

:<;>=�?A@/=CBEDGFp«
ïRã>ò­¬�åMõ�èYô,æ6å<®

a ¯

ñ°ç<èYæOô}å�ñ �

F � 2[n] ñ°çhõMã*�fâ¹æ6åMçMç*å6ó±ä�æOè

1 a

ÊÌËHÏ`á°Í•Ô±ø2Ô„Ö�ù}Ð•Õ±°
Ô„Ö/4•Ë2ø�Î6êSÐ•Ë›c„Ù Ž€ÿ]Ò°ÒV��Ø]Ô„Ð$ØYÏ`Õ�Ò°á°Ò°Ë2Í

F
Ï`Í'Ò°Ö�î_ÓSË2Ô„Ð•Ë2Õnc„Ù™7,Ù

:<;>=�?A@/=CBEDGFp²
ïRã>ò­¬�åMõ�èYô,æ6å<®

a ¯

ñ°ç<èYæOô}å�ñ �

F
ñ°ç

r
þ:ô,ò}ñ ��ã>æ�� ð`ò¹ó�
����

a

³ ´ Â¶µHÇ�·.É�¸�É�µdÄˆ¹ Ävº`»
Ç"¸OÃ½¼>Å<Ä Ãˆ¾"º¿»‹À�º'È
É�µ%¸ È.µ”»‹º

k = 2
Ý}Ô„Ð'ÏhÍ•Ò°Ü„ÖSË2×�Í•Ë�Î

A
Ï`ÖS×�Ò°Ö)Î6Ë2Ü„Ë2Ð•Í

q
Ï`ÖS×

k Þ

á°Ë�Î

� q
k(A) := f (x; a + q modulo k) : (x; a) 2 Ag:

Ý}Ô„Ð

q = 1 Þ

Ñ
Ë�Ï`á°Í•ÔªÑ'Ð•Ò‰Î6Ë

� k(A)
Ù

°
á°Ë�Ï`Ð•á‰à

Þ

Ò‰Ø

k = 2
Î6ÓSË2Ö

� 2(A)
Ò°Í
Î6ÓSËdêSÖSÒpšGêSËdÍ•Ë�Î�Ò°Ö

SX ;2
Î6Ó}Ï>Î'×SÔ,Ë2Í_ÖSÔ`Î_Ò°Ö)Î6Ë2Ð•Í•Ë2ø�Î

A
Ù�î_ÓGêSÍ

Þ

Ø]Ô„Ð

A � SX ;2 Þ

A 2 ex(SX ;2) , jA \ f A; � 2(A)gj = 1
Ø]Ô„Ð'Ï`á°á

A 2 SX ;2:
ÿ�c/�

ö�Ô`Î6Ë'Î6Ó}Ï>ÎRÍ•ÎMÏ`Ð•ÍRÔ`Ø

SX ;2
Ï`Ð•Ë�Õ�Ë2Õªß¹Ë2Ð•ÍaÔ`Ø

ex(SX ;2) Þ

Ï`ÖS×�Î6Ó}Ï>ÎRÖSÔ`Î
Ï`á°á}Õ�Ë2Õªß¹Ë2Ð•ÍaÔ`Ø

ex(SX ;2)
Ï`Ð•Ë

Í•ÎMÏ`Ð•Í'êSÖSá°Ë2Í•Í

jX j � 2
Ù

ÊÌË<Ü„Ë2ÖSË2Ð6Ï`á°Ò°Í•Ë�ÿ�c/�
Ò°Ö#Î6ÓSËdØ]Ô„á°á°Ô*Ñ'Ò°ÖSÜª×SÒ°Ð•Ë2ø�Î6Ò°Ô„Ö´Ù
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:<;>=�?A@/=CBÁoÂF�DÃ§
å�è

I � N a

•
ã>æ�å6ðGõ¡|

i 2 I
_�ý°å�è

X i
�Oå ð0Äaò}ñŸè:å.ç*å�èªð`ò¹ó ý°å�è

A i � SX i ;2 a

Å

ô*â)â}ã*ç*å

S
i 2 I A i

ñ°ç
ñŸò}è:å�æ6ç*åMõ�èYñŸò,ú

a<©

|}å�ò

A i 2 ex(SX i ;2)
|}ã>ý‰óWçA��ã>æ_ð`ýŸý

i 2 I
ñ Æ

X :=
T

i 2 I X i 6=
�

ð`ò¹ó/_G��ã>æfç*ã*��å

X 2 ex(SX ;2)
ð`ò¹ó`��ã>æ�ð`ýŸý

i 2 I
_

A i = f A 2 SX i ;2 : A \ (X � 2) 2 X g a

Ç
@/?Â?AÈÉF

î_ÓSËªÍ•êzÊ�ø2Ò°Ë2ÖSø�àéø2Ô„ÖS×SÒ‰Î6Ò°Ô„Ö Ò°Í�Í•Î6Ð6Ï`Ò°Ü„Ó)Î•Ø]Ô„Ð•Ñ$Ï`Ð•×éÍ•Ò°ÖSø2ËHÎ6ÓSË2Ö

Þ

Ø]Ô„Ð§Ï`á°á

i 2 I Þ A i
Í6Ï>Î6Ò°Í•ù}Ë2Í

ÿ�c/�OÙ_ö�Ô*Ñ Ï`Í•Í•êSÕ�Ë<Î6Ó}Ï>Î�Ø]Ô„Ð�Ï`á°á

i 2 I Þ A i 2 ex(SX i ;2)
Ù
ÊÌËHÚSÐ•Ô*Û„ËHÎ6ÓSËHÖSË2ø2Ë2Í•Í6Ï`Ð•à ø2Ô„ÖS×SÒ‰Î6Ò°Ô„Ö�ß)à

Ò°ÖS×SêSø�Î6Ò°Ô„Ö#Ô„Ö

m := minfj X i j : i 2 I g
Ù

Ë

êSÚSÚ¹Ô„Í•Ë§Î6ÓSË2Ð•Ë§ËO÷�Ò°Í•Î

i1; i2; l 2 I
Í•êSøMÓ#Î6Ó}Ï>Î

A i 1 \ A i 2 \ (X l � [2]) = �
Ø]Ô„Ð
Í•Ô„Õ�Ë

A i 1 2 A i 1
Ï`ÖS×

A i 2 2 A i 2

ÙÌ�BË�Î

Bp := A i p \ (X l � [2]) Þ p = 1; 2
Ù[�BË�Î

Y := X ln(X i 1 [ X i 2 )
Ù ûìØ

Y 6= �
Î6ÓSË2Ö øMÓSÔ,Ô„Í•Ë

C 2 SY;2 Þ

Ô`Î6ÓSË2Ð•Ñ'Ò°Í•Ë�ÎMÏ•~`Ë

C := �
ÙÍ�BË�Î

D := B1n(X i 2 � [2])
Ï`ÖS×

E := B2[ � 2(D)[ C 2 SX l ;2
Ù

Ë

Ô

E \ A i 1 = �
Ï`ÖS×

� 2(E)\ A i 2 = �
Ùpî_ÓSË2Ð•Ë�Ø]Ô„Ð•Ë

E; � 2(E) =2 A l Þ

Ï`ÖS×�ÓSË2ÖSø2Ë

Þ

ß)à ÿ�c/�

Þ

Ñ
ËHÓ}Ï�Û„Ë

A l =2 ex(SX l ;2) Þ

Ïhø2Ô„Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô„Ö´Ù�î_ÓGêSÍ

Þ

Ø]Ô„Ð'Ï`Ö)à

A; B 2
S

i 2 I A i
Ï`ÖS×

l 2 I Þ A \ B \ (X l � [2]) 6= �
Ù ÿ�7P�

�BË�Î

X := f A \ (X � 2): A 2
S

i 2 I A i g
ÿ

X :=
T

i 2 I X i
�OÙ	�BË�Î

j 2 I
Í•êSøMÓ�Î6Ó}Ï>Î

jX j j = m
Ù

Ë

êSÚSÚ¹Ô„Í•Ë

X = X j
Ù

Ë

Ô

X � A j
Ï`ÖS×

Þ

ß)à ÿ�7P�#ÿŸÑ'Ò‰Î6Ó

l = j
�

Þ X
Ò°ÍhÒ°Ö)Î6Ë2Ð•Í•Ë2ø�Î6Ò°ÖSÜSÙ

Ë

Ò°ÖSø2Ë

A j 2 ex(SX j ;2) Þ

Ò‰Î�Ø]Ô„á°á°Ô*Ñ'Í±Î6Ó}Ï>Î

X = A j Þ

Ï`ÖS× ÓSË2ÖSø2ËíÐ•Ë2Í•êSá‰Î�Ù ûìÎ�Ñ'Ò°á°á�ß¹Ë ø2á°Ë�Ï`Ð�Ø]Ð•Ô„Õ Î6ÓSË

Ø]Ô„á°á°Ô*Ñ'Ò°ÖSÜ�Î6Ó}Ï>Î_Ñ
ËHÓ}Ï�Û„Ë�Ï`á°Í•Ô+4•êSÍ•Î�ø2Ô*Û„Ë2Ð•Ë2×�Î6ÓSË<ß}Ï`Í•Ò°Í'Ô`Ø�Ò°ÖS×SêSø�Î6Ò°Ô„Ö

m = 1
Ù

ö�Ô*Ñ Í•êSÚSÚ¹Ô„Í•Ë

X 6= X j
Ù

Ë

Ô±Î6ÓSË2Ð•ËHËO÷�Ò°Í•Î6Í

h 2 I
Í•êSøMÓ Î6Ó}Ï>Î

X j nX h 6= �
Ù.�BË�Î

x j 2 X j nX h
Ù

�BË�Î

X 0
j := X j nf x j g Þ

Ï`ÖS×íØ]Ô„ÐdË�Ï`øMÓ

i 2 I nf j g Þ

á°Ë�Î

X 0
i := X i

Ù

Ë

Ô

T
i 2 I X 0

i = X
ÙªûìØ

X 0
j = �

Î6ÓSË2Ö

X j \ X h = � Þ

Ï`ÖS× ÓSË2ÖSø2Ë

A j = �
Ô„Ð

A h = � Þ

Ï–ø2Ô„Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô„Ö´Ùµî_ÓSË2Ð•Ë�Ø]Ô„Ð•Ë

m0 :=
minfj X 0

i j : i 2 I g = jX 0
j j = m � 1 � 1

ÙaÝ}Ô„Ð_Ë�Ï`øMÓ

i 2 I nf j g Þ

Ñ
ËHÓ}Ï�Û„Ë

A 0
i := A i 2 ex(SX 0

i ;2)
Ù

�BË�Î

A 0
j := f Anf (x j ; 1); (x j ; 2)g: A 2 A j g � SX 0

j ;2
ÙÎbRà ÿ�7P�

Þ

Ø]Ô„Ð#Ï`Ö)à

A; B 2
S

i 2 I A i Þ

A \ B \ (X h � [2]) 6= � �

ÓSË2ÖSø2Ë

S
i 2 I A 0

i
Ò°Í$Ò°Ö)Î6Ë2Ð•Í•Ë2ø�Î6Ò°ÖSÜSÙ

Ë

êSÚSÚ¹Ô„Í•Ë

A 0
j =2 ex(SX 0

j ;2)
Ùaî_ÓSË2Ö

Þ

ß)à

ÿ�c/�

Þ A0
j ; � 2(A0

j ) =2 A 0
j

Ø]Ô„ÐfÍ•Ô„Õ�Ë

A0
j 2 SX 0

j ;2
Ù

Ë

Ô

A j := A0
j [ f x j ; 1g =2 A j

Ï`ÖS×

� 2(A j ) =2 A j Þ

Ñ'ÓSÒ°øMÓ

Þ

ß)à ÿ�c/�

Þ

ø2Ô„Ö)Î6Ð6Ï`×SÒ°ø�Î6Í

A j =2 ex(SX j ;2)
Ùel�Ë2ÖSø2Ë

A 0
j 2 ex(SX 0

j ;2)
ÙÏ°
á°Ë�Ï`Ð•á‰à

Þ

Î6ÓSË�Ð•Ë2Í•êSá‰Î

Ø]Ô„á°á°Ô*Ñ'Í$Ò°Õ�Õ�Ë2×SÒ›Ï>Î6Ë2á‰à�Ï>ØŸÎ6Ë2Ð'Ï`ÚSÚSá‰à,Ò°ÖSÜªÎ6ÓSË<Ò°ÖS×SêSø�Î6Ò‰Û„Ë<Ó)à,Ú¹Ô`Î6ÓSË2Í•Ò°Í_Ø]Ô„Ð$Î6ÓSËdØYÏ`Õ�Ò°á°Ò°Ë2Í

A 0
i Þ i 2 I

Ù

�
¢

?A@/?-s�sNw•@ZteoÂFpo„{
�

f 2 U(F )
ð`ò¹ó

A 2 ex(SF (f );2)
èV|}å�ò-Ð

�ìñ �

A = f F 2 F : F \ (OF (f ) (f ) � [2]) 2 X g
��ã>æ§ç*ã*��å

X 2 ex(SOF ( f ) (f );2)
ª

�ìñŸñ �±ñ �

jOF (f ) (f )j � 2
èV|}å�ò

A = SF ;2(( f 0; b))
��ã>æ§ç*ã*��å

(f 0; b) 2 OF (f ) (f ) � [2] a

Ç
@/?Â?AÈÉF

�BË�Î

B := SF ;2(( f ; 1))
Ù

Ë

Ë�Î

n := jF (f )j Þ

Ï`ÖS×�á°Ë�Î

X 1; :::; X n
ß¹Ë'Î6ÓSË�Í•Ë�Î6Í
Ò°Ö

F (f )
Ù�Ý}Ô„Ð

Ë�Ï`øMÓ

i 2 [n] Þ

á°Ë�Î

A i := A \ SX i ;2 Þ Bi := B\ SX i ;2
Ù

Ë

Ô

S n
i=1 A i

Ï`ÖS×

S n
i=1 Bi

Ï`Ð•ËRÚ}Ï`Ð•Î6Ò‰Î6Ò°Ô„ÖSÍ
Ô`Ø

A
Ï`ÖS×

B
Ð•Ë2Í•Ú¹Ë2ø�Î6Ò‰Û„Ë2á‰à„Ù+bRà ÿ�c/�

Þ Bi 2 ex(SX i ;2) Þ i = 1; :::; n Þ

Ï`ÖS× ÓSË2ÖSø2Ë

B 2 ex(SF (f );2)
Ù$î_ÓGêSÍ

Þ

Ò‰Ø

A i =2 ex(SX i ;2)
Ø]Ô„Ð<Í•Ô„Õ�Ë

i 2 [n]
Î6ÓSË2Ö

jAj < jBj Þ

ßSê�ÎHÎ6ÓSÒ°ÍHø2Ô„Ö)Î6Ð6Ï`×SÒ°ø�Î6Í

A 2 ex(SF (f );2)
Ù

Ë

Ô

A i 2 ex(SX i ;2) Þ i = 1; :::; n
ÙÌbRà î_ÓSË2Ô„Ð•Ë2Õd7,Ù9c

Þ

Ø]Ô„Ð�Í•Ô„Õ�Ë

X 2 ex(SX ;2)
Ï`ÖS× Ø]Ô„Ð�Ï`á°á

i 2 [n] Þ A i = f A 2 SX i ;2 : A \ (X � 2) 2 X )g Þ

Ñ'ÓSË2Ð•Ë

X =
T n

i=1 X i 3 f
Ù

Ë

Ô–ÿ]ÒV�$Ø]Ô„á°á°Ô*Ñ'Í�Ò‰Ø

X = OF (f ) (f )
Ù<�BË�Î

x 2 U(F (f ))
Ù�ûìØ

x =2 X
Î6ÓSË2ÖíÎ6ÓSË2Ð•Ë±ËO÷�Ò°Í•Î6Í

j 2 [n]
Í•êSøMÓ–Î6Ó}Ï>Î

x =2 X j Þ

Ï`ÖS×�ÓSË2ÖSø2Ë

x =2 OF (f ) (f ) �

ø2Ô„Ö)Î6Ð6Ï`Ú¹Ô„Í•Ò‰Î6Ò‰Û„Ë2á‰à

Þ

Ò‰Ø

x 2 OF (f ) (f )
Î6ÓSË2Ö

x 2 X
Ù

Ë

Ô

OF (f ) (f ) � X
Ù

ûìØ

x 2 X
Î6ÓSË2Ö

F (f )(x) = F (f )
Ù

Ë

Ô

X � OF (f ) (f ) Þ

Ï`ÖS×�ÓSË2ÖSø2Ë

X = OF (f ) (f )
Ò°ÖS×SË2Ë2×´Ù

Ë

êSÚSÚ¹Ô„Í•Ë

jOF (f ) (f )j � 2
Ù

Ë

Ô

1 � jOF (f ) (f )j = jX j � 2 Þ

Ï`ÖS×ÌÒ‰ÎHÒ°Í<Î6Ð•Ò‰Û,Ò›Ï`á�Î6Ó}Ï>Î

X
ø�Ï`Ö

Ô„ÖSá‰à.ß¹ËHÏhÍ•ÎMÏ`Ð'Ò°Ö.Î6ÓSÒ°Í'ø�Ï`Í•Ë`Ù	l�Ë2ÖSø2Ë.ÿ]Ò°ÒV�OÙ

�
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î_ÓSË§Í•Î6Ð•Ò°ø�Î$Ï`ÖS×.ÖSÔ„Ö,ë:Í•Î6Ð•Ò°ø�Î.!�#%$ ø�Ï`Í•Ë2Í
Ø]Ô„Ð

k = 2
Ò°Ö�Ë�Ï`øMÓ#Ô`ØBî_ÓSË2Ô„Ð•Ë2Õ�Í�c„Ù™’HÏ`ÖS×Ñc„Ù (<Ñ'Ò°á°á€ß¹Ë

×SË�Î6Ë2Ð•Õ�Ò°ÖSË2×�êSÍ•Ò°ÖSÜ�î_ÓSË2Ô„Ð•Ë2Õ±7,Ù9c

Þ

°
Ô„Ð•Ô„á°á›Ï`Ð•à–7,Ù™7hÏ`ÖS×�Î6ÓSËdØ]Ô„á°á°Ô*Ñ'Ò°ÖSÜ�ØYÏ`ø�Î�Ù

Ç
@/?AÒS?-X­TVY/TN?-WeoÂFp‚„{

�

jOF (f )j � 3
��ã>æ_ç*ã*��å

(f ; 1) 2 L(SF ;2)
èV|}å�ò

SF ;2
ñ°ç�ò0ã>è
ç�èYæOñrõ�èYý��”
����

a

Ç
@/?Â?AÈÉF

ÊÌË.Ó}Ï�Û„Ë

F (f 1) = F (f 2) = F (f 3) = F (f )
Ø]Ô„Ð�Í•Ô„Õ�Ë�×SÒ°Í•Î6Ò°ÖSø�Î

f 1; f 2; f 3 2 OF (f )
ÿ]Ú¹Ô„Í•Í•Ò°ßSá‰à

Þ f 2 f f 1; f 2; f 3g
�OÙ ûìÎ#Ø]Ô„á°á°Ô*Ñ'Í�Î6Ó}Ï>Î.Ø]Ô„Ð.Ï`á°á

F 2 F (f ) Þ f 1; f 2; f 3 2 F
ÙÓ•fË�ù}ÖSË

Y1 := f (f 1; 1); (f 2; 1); (f 3; 1)g Þ Y2 := f (f 1; 1); (f 2; 1); (f 3; 2)g Þ Y3 := f (f 1; 1); (f 2; 2); (f 3; 1)g Þ

Y4 := f (f 1; 2); (f 2; 1); (f 3; 1)g
ÙS°
á°Ë�Ï`Ð•á‰à

Þ

Î6ÓSË'ØYÏ`Õ�Ò°á‰à

S
F 2F f Yi [ Z : i 2 [4]; Z 2 SF nf f 1 ;f 2 ;f 3g;2g

Ò°Í_ÖSÔ„Ö,ëìÎ6Ð•Ò‰Û,Ò›Ï`á

Þ

Ò°Ö)Î6Ë2Ð•Í•Ë2ø�Î6Ò°ÖSÜ

Þ

Ï`ÖS× Ï`Í'á›Ï`Ð•Ü„ËdÏ`Í

SF ;2(( f ; 1)) Þ

Ïhá›Ï`Ð•Ü„Ë2Í•Î'Í•ÎMÏ`Ð'Ô`Ø

SF ;2
Ù

�

Ô Õ Ä�Å±Å”¼ Å”¼ÍÖdµ<É2Â�Ävº`»
Ç"¸OÃ

î_ÓSÒ°ÍªÍ•Ë2ø�Î6Ò°Ô„Ö Ò°Í�×SË2×SÒ°ø�Ï>Î6Ë2× Î6ÔéÎ6ÓSË.ÚSÐ•Ô,Ô`Ø'Ô`Ø'î_ÓSË2Ô„Ð•Ë2Õ'c„Ù™’

Þ

Ñ'ÓSÒ°øMÓµÒ°Í�ß}Ï`Í•Ë2×µÔ„ÖÌÎ:Ñ
Ô–×SÒ980Ë2Ð•Ë2Ö)Î

õMã*�fâ¹æ6åMçMç�ñrã>ò�ëRÏ`á°Í•Ô�~GÖSÔ*Ñ'Ö Ï`Ífç¡|,ñ �OèYñŸò,ú�Ô„Ð
â¹ô)ç¡|,ñŸò,ú`þ:ô*â�ëaÕ�Ë�Î6ÓSÔ,×SÍ2Ù�ÊÌË<Ð•Ë�Ø]Ë2Ð$Î6ÓSËdÐ•Ë�Ï`×SË2Ð$Î6Ôr& 3/)

Ø]Ô„Ð'ÏhÍ•êSÐ•Û„Ë�à�Ô„Ö�ø2Ô„Õ�ÚSÐ•Ë2Í•Í•Ò°Ô„Ö Ï`ÚSÚSá°Ò°ø�Ï>Î6Ò°Ô„ÖSÍ
Ò°Ö�ËO÷,Î6Ð•Ë2Õ�Ï`áBÍ•Ë�Î'Î6ÓSË2Ô„Ð•à„Ù

î_ÓSË�ù}Ð•Í•Î±ø2Ô„Õ�ÚSÐ•Ë2Í•Í•Ò°Ô„ÖµÔ„Ú¹Ë2Ð6Ï>Î6Ò°Ô„Ö Ñ$Ï`Í�êSÍ•Ë2× Ò°ÖÃ& 1*)$Ø]Ô„ÐªÎ6ÓSË�ÚSÐ•Ô,Ô`Ø�Ô`Øfî_ÓSË2Ô„Ð•Ë2Õ×c„Ù 1�ÙµÝ}Ô„Ð

(a;b) 2 [n] � [2; k] Þ

á°Ë�Î

� a;b : 2S
2[n ] ;k ! 2S

2[n ] ;k
ß¹Ë<×SË�ù}ÖSË2× ß)à

� a;b(A ) := f � a;b(A) : A 2 Ag [ f A 2 A : � a;b(A) 2 Ag;

Ñ'ÓSË2Ð•Ë

� a;b : S2[n ] ;k ! S2[n ] ;k
Ò°Í_×SË�ù}ÖSË2× ß)à

� a;b(A) :=
�

Anf (a;b)g [ f (a;1)g
Ò‰Ø

(a;b) 2 A;
A

Ô`Î6ÓSË2Ð•Ñ'Ò°Í•Ë

ÊÌË<Í6Ï�à

A � S2[n ] ;k
Ò°Í

�
þ•õMã*�fâ¹æ6åMçMç*å6ó.Ò‰ØpØ]Ô„Ð'Ï`á°á

(a;b) 2 [n] � [2; k] Þ � a;b(A ) = A
Ù

î_ÓSËdØ]Ô„á°á°Ô*Ñ'Ò°ÖSÜHá°Ë2Õ�Õ�ÏHÔ„ê�Î6á°Ò°ÖSË2Í
Î6ÓSË§Ñ
Ë2á°áKë]~GÖSÔ*Ñ'Ö.Ø]êSÖS×}Ï`Õ�Ë2Ö)ÎMÏ`á0ÚSÐ•Ô„Ú¹Ë2Ð•Î6Ò°Ë2Í$Ô`Ø
Î6ÓSËdø2Ô„Õ�ÚSÐ•Ë2ÍDë

Í•Ò°Ô„Ö

� a;b Þ

Ñ'ÓSÒ°øMÓ Ï`Ð•Ë<ÖSÔ`Î'×SÒ9Ê�ø2êSá‰Î_Î6Ô±ÚSÐ•Ô*Û„Ë`Ù

R�=CBIBjwj‚ÂF�DÃ§
å�è

A � S2[n ] ;k a

§
å�è

(a;b) 2 [n] � [2; k] a0©

|}å�ò-Ð

�ìñ �

j� a;b(A )j = jAj
ª

�ìñŸñ �±ñ �

A
ñ°çHñŸò}è:å�æ6ç*åMõ�èYñŸò,ú�èV|}å�ò

� a;b(A )
ñ°ç<ñŸò}è:å�æ6ç*åMõ�èYñŸò,ú/ª

�ìñŸñŸñ ��ñ �

A
ñ°ç
ñŸò}è:å�æ6ç*åMõ�èYñŸò,údð`ò¹ó

�
þ•õMã*�fâ¹æ6åMçMç*å6ófèV|}å�ò

A1\ A2\ ([n]� [1]) 6= �
��ã>æ$ð`òG�

A1; A2 2 A a

ÊÌËéÖSËO÷,Î#Ò°Ö)Î6Ð•Ô,×SêSø2Ë Ô„êSÐ�Í•Ë2ø2Ô„ÖS× ø2Ô„Õ�ÚSÐ•Ë2Í•Í•Ò°Ô„Ö Ô„Ú¹Ë2Ð6Ï>Î6Ò°Ô„Ö´Ù ÊÌË�ÎMÏ•~`Ë

K := f (1; b) : b 2
[k]g [ f (n; 1)g

Ï`ÖS×�×SË�ù}ÖSË

� : S2[n ] ;k ! S2[n ] ;k
ß)à

� (A) :=

8
<

:

Anf (n; 1)g [ f (1; 1)g
Ò‰Ø

A \ K = f (n; 1)g;
Anf (1; b); (n; 1)g [ f (1; 1); (n; b)g

Ò‰Ø

A \ K = f (1; b); (n; 1)g;
A

Ô`Î6ÓSË2Ð•Ñ'Ò°Í•Ë`Ù

Ë

Ò°Õ�Ò°á›Ï`Ð•á‰àªÎ6Ô

� a;b Þ

Ñ
ËH×SË�ù}ÖSË

� : 2S
2[n ] ;k ! 2S

2[n ] ;k
ß)à

�( A ) := f � (A) : A 2 Ag [ f A 2 A : � (A) 2 Ag:
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Î'Î6ÓSÒ°Í_Ú¹Ô„Ò°Ö)Î

Þ

Ñ
ËHÖSË2Ë2×�Î6Ô±Ò°Ö)Î6Ð•Ô,×SêSø2Ë<Í•Ô„Õ�Ë§Ø]êSÐ•Î6ÓSË2Ð'ÖSÔ`ÎMÏ>Î6Ò°Ô„Ö´Ù�Ý}Ô„Ð

A 2 SF;k Þ

á°Ë�Î


 (A) := F:

Ý}Ô„Ð

A � SF ;k Þ

á°Ë�Î

�( A )
ß¹ËdÎ6ÓSË<Í•êSß,ëìØYÏ`Õ�Ò°á‰à�Ô`Ø

F
Ü„Ò‰Û„Ë2Ö�ß)à

�( A ) := f 
 (A) : A 2 Ag = f F 2 F : A \ SF;k 6= � g:

R�=CBIBjwj‚ÂFpoØ§
å�è

F � 2[n] �Oå õMã*�fâ¹æ6åMçMç*å6óéä�æOè<®

a

§
å�è

A � SF ;k
�Oå#ñŸò}è:å�æ6ç*åMõ�èYñŸò,úÌð`ò¹ó

�
þ

õMã*�fâ¹æ6åMçMç*å6ó

a�©

|}å�ò-Ð

�ìñ �

j�( A )j = jAj
ª

�ìñŸñ �

�( A ) � SF ;k
ª

�ìñŸñŸñ �

B1 \ B2 \ ([n] � [1]) 6= �
��ã>æHð`òG�

B1; B2 2 �( A ) a

Ç
@/?Â?AÈÉF

ÿ]ÒV�
Ò°Í_Í•Î6Ð6Ï`Ò°Ü„Ó)Î•Ø]Ô„Ð•Ñ$Ï`Ð•×´Ù

ûìØ

A 2 SF ;k
Ï`ÖS×


 (� (A)) 6= 
 (A)
Î6ÓSË2Ö

n 2 
 (A) Þ 1 =2 
 (A)
Ï`ÖS×


 (� (A)) = (
 (A)nf ng) [
f 1g

Ù

Ë

Ò°ÖSø2Ë

F
Ò°Í'ø2Ô„Õ�ÚSÐ•Ë2Í•Í•Ë2×�Ñ'Ð•Î”c

Þ

Ò‰Î$Ø]Ô„á°á°Ô*Ñ'Í
Î6Ó}Ï>Î

�(�( A )) � F
Ù�l�Ë2ÖSø2Ë.ÿ]Ò°ÒV�OÙ

bRàÙ�BË2Õ�Õ�Ï�1�Ù9c

Þ A \ A0\ ([n] � [1]) 6= �
Ø]Ô„Ð_Ï`Ö)à

A; A0 2 A
Ù��BË�Î

B1; B2 2 �( A )
Ù�î_ÓSË2Ö

Þ

Ø]Ô„ÐHË�Ï`øMÓ

p 2 [2] Þ Bp = Ap
Ô„Ð

Bp = � (Ap)
Ø]Ô„ÐHÍ•Ô„Õ�Ë

Ap 2 A
Ù�ûìÎªÒ°ÍHÍ•Î6Ð6Ï`Ò°Ü„Ó)Î•Ø]Ô„Ð•Ñ$Ï`Ð•× Î6Ó}Ï>Î

ÿ]Ò°Ò°ÒV�dÓSÔ„á°×SÍhÒ‰Ø

Bp = Ap Þ p = 1; 2 Þ

Ô„Ð

Bp = � (Ap) Þ p = 1; 2
Ù Ê Ò‰Î6ÓSÔ„ê�Îhá°Ô„Í•ÍhÔ`ØfÜ„Ë2ÖSË2Ð6Ï`á°Ò‰Î:à

Þ

Í•êSÚSÚ¹Ô„Í•Ë

B1 = A1 Þ B2 = � (A2) 6= A2
Ï`ÖS×

B1 \ B2 \ ([n] � [1]) = �
Ù ûìÎ�Ø]Ô„á°á°Ô*Ñ'ÍhÎ6Ó}Ï>Î

A1 \ A2 \ ([n] � [1]) = f (n; 1)g
Ï`ÖS×

A1 6= � (A1) 2 A
Ù b
ê�ÎaÎ6ÓSË2Ö

� (A1) \ A2 \ ([n] � [1]) = � Þ

Ïhø2Ô„Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô„Ö´ÙSl�Ë2ÖSø2Ë.ÿ]Ò°Ò°ÒV�OÙ

�

:<;>=�?A@/=CBÁ‚ÂFp‚Ø§
å�è

1 2 J � [n] a

§
å�è

F � 2[n] ç�ô}õ¡|–èV|Sð`è

F
ñ°ç�õMã*�fâ¹æ6åMçMç*å6ó�ä�æOè

j 2 [n]
ñ Æ

j 2 J a

§
å�è

A � � SF ;k
�OåHñŸò}è:å�æ6ç*åMõ�èYñŸò,ú

a0©

|}å�ò

�ìñ �

jA � j � jSF ;k ((1; 1))j
_Rð`ò¹ó

�ìñŸñ �µåÉÚ2ôSð`ýVñŸè��2|}ã>ý‰óWç ñ Æ

A � = SF ;k (( j; b))
_

(j; b) 2 J � [k]
_#ã>æ

k = 2
_

jOF (1)j > 1
ð`ò¹ó

A � = f F 2 F : F \ (OF (1) � [2]) 2 X g
_

X 2 ex(SOF (1) ;2) a

Ç
@/?Â?AÈ%?AÈ<:<;>=�?A@/=CBÛ‚ÂFp‚>H�TÜ\/F

î_ÓSË±ø�Ï`Í•Ë

n = 2
Ò°ÍfÎ6Ð•Ò‰Û,Ò›Ï`á

Þ

Í•Ô#Ñ
Ë�Ï`Í•Í•êSÕ�Ë

n > 2
Ù��BË�Î

A 0 ß¹Ë

Ï

�
ë:ø2Ô„Õ�ÚSÐ•Ë2Í•Í•Ë2×ÌØYÏ`Õ�Ò°á‰àéÐ•Ë2Í•êSá‰Î6Ò°ÖSÜ#Ø]Ð•Ô„Õ

A � Î6ÓSÐ•Ô„êSÜ„ÓÌÐ•Ë2Ú¹Ë�Ï>Î6Ë2× Ï`ÚSÚSá°Ò°ø�Ï>Î6Ò°Ô„Ö

Þ

Ò‰Ø$ÖSË2ø2Ë2Í•Í6Ï`Ð•à

Þ

Ô`Ø

ø2Ô„Õ�ÚSÐ•Ë2Í•Í•Ò°Ô„ÖSÍ

� a;b
Ù��BË�Î

A := �( A 0)
Ù�bRàÙ�BË2Õ�Õ�Ï`Í`1�Ù9cHÏ`ÖS×h1�Ù™7

Þ A � SF ;k Þ jAj = jA � j
Ï`ÖS×

Ø]Ô„Ð'Ï`Ö)à

A; B 2 A Þ A \ B \ Z 6= � Þ

ÿ�1…�

Ñ'ÓSË2Ð•Ë

Z := [n] � [1]
Ù

�BË�Î

B := f A 2 A((n; 1))((1; 1)) : A \ B \ Z = f (n; 1)g
Ø]Ô„Ð_Í•Ô„Õ�Ë

B 2 A((n; 1))g
ÙÝ�BË�Î

A 1 := A ((n; 1))nB
ÙéÝ}Ô„Ð

l 2 [2; k] Þ

á°Ë�Î

Bl := f (Anf (n; 1)g) [ f n; lg: A 2 Bg
Ï`ÖS×

A l :=
A ((n; l)) [ Bl

ÙpûìØ

A((n; l)) \ Bl 6= �
Ï`ÖS×

A 2 A((n; l)) \ Bl
Î6ÓSË2Ö

� n;l (A) \ B \ Z = f (n; 1)g
Ø]Ô„Ð

Í•Ô„Õ�Ë

B 2 A((n; 1)) Þ

Ï`ÖS×ªÓSË2ÖSø2Ë

A\ B \ Z = � Þ

Ï�ø2Ô„Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô„Ö<Î6Ôhÿ�1…�OÙ

Ë

Ô

A((n; l)) \ Bl = �
Ù

î_ÓSË2Ð•Ë�Ø]Ô„Ð•Ë

kX

i =1

jA ((n; i )) j � (jA ((n; 1))j � jBj) +
kX

l=2

(jA ((n; l)) j + jBj) =
kX

i =1

jA i j:
ÿNŽ��
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�BË�Î

Z 0 := [n � 1] � [1]
Ù

Ë

êSÚSÚ¹Ô„Í•ËdÎ6Ó}Ï>Î$Ø]Ô„Ð_Í•Ô„Õ�Ë

i 2 [k]
Ï`ÖS×

A; B 2 A i Þ A \ B \ Z 0 = �
Ù

ûìÎfÒ°Í'Ò°Õ�Õ�Ë2×SÒ›Ï>Î6Ë§ß)àÌÿ�1…�$Î6Ó}Ï>Î

i =2 [2; k]
Ù

Ë

Ô

A; B 2 A 1
Ï`ÖS×

A \ B = f (n; 1)g
Ù.bRà�×SË�ù}ÖSÒ‰Î6Ò°Ô„Ö

Ô`Ø

A 1 Þ (1; 1) =2 A [ B
Ù�b
ê�Î

� (A) 2 A
Ï`ÖS×

� (A) \ B \ Z = � Þ

ÏHø2Ô„Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô„Ö±Î6Ô#ÿ�1…�OÙ�î_ÓGêSÍ

Þ

Ø]Ô„Ð'Ï`Ö)à

i 2 [k]
Ï`ÖS×

A; B 2 A i Þ A \ B \ Z 0 6= �
Ù ÿ�’P�

�BË�Î

F 0 := F nF (n)
Ï`ÖS×

F 1 := F hni
Ù0°
á°Ë�Ï`Ð•á‰à

Þ F 0
Ï`ÖS×

F 1
Ï`Ð•Ëhø2Ô„Õ�ÚSÐ•Ë2Í•Í•Ë2× Ñ'Ð•Î0c„Ù0�BË�Î

A 0 := A \ SF 0 ;k
Ù<bRàµÿ�1…�

Þ A 0
Ò°ÍdÏ`Ö–Ò°Ö)Î6Ë2Ð•Í•Ë2ø�Î6Ò°ÖSÜ#Í•êSß,ëìØYÏ`Õ�Ò°á‰à�Ô`Ø

SF 0 ;k
ÙKbRàµÿ�’P�

Þ A i h(n; i )i
Ò°Í

Ï`Ö�Ò°Ö)Î6Ë2Ð•Í•Ë2ø�Î6Ò°ÖSÜ±Í•êSß,ëìØYÏ`Õ�Ò°á‰à�Ô`Ø

SF 1 ;k Þ i = 1; :::; k
Ùaî_ÓSË<Ð•Ë2Í•êSá‰Î�ÖSÔ*Ñ Ø]Ô„á°á°Ô*Ñ'Í$ß)à�Ò°ÖS×SêSø�Î6Ò°Ô„Ö#Ô„Ö

n
Í•Ò°ÖSø2Ë

jA � j = jAj = jA 0j +
kX

i =1

jA ((n; i )) j � jA 0j +
kX

i =1

jA i h(n; i )ij

� jSF 0 ;k ((1; 1))j + kjSF 1 ;k ((1; 1))j = jSF ;k ((1; 1))j;
ÿ�(…�

Ñ'ÓSË2Ð•Ë<Î6ÓSËdù}Ð•Í•Î�Ò°ÖSË�šGê}Ï`á°Ò‰Î:à�Ò°Í_Ô„ß�ÎMÏ`Ò°ÖSË2×#Ø]Ð•Ô„Õ ÿNŽ��OÙ

�

ÊÌË�ÖSË2Ë2×éÎ6Ô�×SÔ.Õ�Ô„Ð•Ë<Ñ
Ô„Ð�~#Î6Ô.ÚSÐ•Ô*Û„Ë�Î6ÓSË�ËO÷,Î6Ð•Ë2Õ�Ï`á
Í•Î6Ð•êSø�Î6êSÐ•Ë2ÍdÜ„Ò‰Û„Ë2Ö Ò°Ö î_ÓSË2Ô„Ð•Ë2ÕÞ1�Ù 1}ÿ]Ò°ÒV�OÙ

ÊÌË<Í•ÎMÏ`Ð•Î_Ñ'Ò‰Î6Ó ÏhÍ•Ò°Õ�ÚSá°Ë§á°Ë2Õ�Õ�ÏHÎ6Ó}Ï>Î_Ñ
Ë<Ñ'Ò°á°á0êSÍ•ËHÔ`ØŸÎ6Ë2Ö´Ù

R�=CBIBjwj‚ÂFk¦¨§
å�è

A � SF ;k
�Oå�ñŸò}è:å�æ6ç*åMõ�èYñŸò,ú

a

Å

ô*â)â}ã*ç*å#èV|Sð`è���ã>æ.ç*ã*��å

(a;b) 2 U(F )
ð`ò¹ó

F 2 F
_

SF;k ((a;b)) � A a0©

|}å�ò

A � SF ;k ((a;b)) a

Ç
@/?Â?AÈÉF

ûìÎ�Í•êzÊ�ø2Ë2Í Î6Ô Í•ÓSÔ*Ñ Î6Ó}Ï>Î�Ò‰Ø

B 2 SF ;knSF ;k ((a;b))
Î6ÓSË2Ö

A \ B = �
Ø]Ô„Ð�Í•Ô„Õ�Ë

A 2 SF;k ((a;b))
Ù��BË�Î

C 2 SF;knSF;k ((a;b))
Í•êSøMÓ#Î6Ó}Ï>Î

B \ (F � [k]) � C
Ù	°
á°Ë�Ï`Ð•á‰à

Þ

Ø]Ô„Ð
Í•Ô„Õ�Ë

q 2 [k � 1] Þ � q
k(C) 2 SF;k ((a;b))

Ï`ÖS×

B \ � q
k(C) = �

Ù

�
R�=CBIBjwj‚ÂFp«Ø§

å�è

F � 2[n]
a

§
å�è

A � SF ;k
�OåHñŸò}è:å�æ6ç*åMõ�èYñŸò,ú/_aäv|}å�æ6å

k � 3 a

{
�

A 6= � a;b(A ) =
SF ;k ((a0; b0))

èV|}å�ò

A = SF ;k ((a;b)) a

Ç
@/?Â?AÈÉF

Ë

Ò°ÖSø2Ë

A 6= � a;b(A ) = SF ;k ((a0; b0)) Þ

Î6ÓSË2Ð•Ë�ËO÷�Ò°Í•Î6Í

A 2 A
Í•êSøMÓ�Î6Ó}Ï>Î

A =2 SF ;k ((a0; b0))
Ï`ÖS×

� a;b(A) 2 SF ;k ((a0; b0))
Ù î_ÓSÒ°Í.Ò°Õ�ÚSá°Ò°Ë2Í±Î6Ó}Ï>Î

(a0; b0) = (a;1)
ÙØ�BË�Î

F := 
 (A)
ÙÓ�BË�Î

A F := A \ SF;k
Ù °
á°Ë�Ï`Ð•á‰à

Þ � a;b(A F ) = � a;b(A )\ SF;k = SF;k ((a;1))
Ï`ÖS×

jA F j = j� a;b(A F )j =
jSF;k ((a;1))j

Ù�î_ÓGêSÍ

Þ

ß)àíî_ÓSË2Ô„Ð•Ë2Õßc„Ù9c

Þ A F = SF;k ((c;d))
Ø]Ô„ÐdÍ•Ô„Õ�Ë

(c;d) 2 F � [k]
Ù

Ë

Ò°ÖSø2Ë

A 2 A F nSF;k ((a;1))
Ï`ÖS×

� a;b(A F ) = SF;k ((a;1)) Þ

Ò‰Î#Ø]Ô„á°á°Ô*Ñ'Í�Î6Ó}Ï>Î

(c;d) = (a;b)
ÙàbRà

�BË2Õ�Õ�Ï�1�Ù Ž

Þ A � SF ;k ((a;b))
Ù

Ë

Ò°ÖSø2Ë

jAj = j� a;b(A )j = jSF ;k ((a;b)) j Þ A = SF ;k ((a;b))
Ù

�

Ý}Ô„Ð

F 2 F
Ï`ÖS×

f ; g 2 U(F ) Þ

á°Ë�Î

 f ;g(F ) := (F nf gg) [ f f g
Ù

Ç
@/?AÒS?-X­TVY/TN?-We‚ÂFp²Ø§

å�è

F
ð`ò¹ó

J
�OåªðWç<ñŸò

©

|}åMã>æ6å��½á

a

á

a0©

|}å�ò

L(SF ;k ) = J � [k] a

Ç
@/?Â?AÈÉF

�BË�Î

j 2 J
Ï`ÖS×

h 2 [n]
Ùaî_ÓSË2Ö

Þ

Í•Ò°ÖSø2Ë

F
Ò°Í_ø2Ô„Õ�ÚSÐ•Ë2Í•Í•Ë2×�Ñ'Ð•Î

j Þ

jSF ;k ((h; b)) j =
X

H 2F (h)( j )

jSH ;k ((h; b)) j +
X

G2F (h)nF (j )

jSG;k ((h; b)) j

=
X

H 2F (j )( h)

jSH ;k (( j; b)) j +
X

G2F (h)nF (j )

jS j;h (G);k (( j; b)) j � jSF ;k (( j; b)) j
ÿ�3P�
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Ñ'Ò‰Î6Ó<Ë�šGê}Ï`á°Ò‰Î:àfÒ98�Ø]Ô„ÐBÏ`á°á

F 2 F (j )nF (h) Þ  h;j (F ) 2 F (h)
Ùpî_ÓSÒ°Í
Ï`á°Ð•Ë�Ï`×�àfÜ„Ò‰Û„Ë2Í

J � [k] � L(F )
Ù

ö�Ô*Ñ ø2Ô„ÖSÍ•Ò°×SË2ÐRË�šGê}Ï`á°Ò‰Î:àªÒ°Ö ÿ�3P�OÙ

Ë

êSÚSÚ¹Ô„Í•Ë

h =2 J
Ù

Ë

Ô<Î6ÓSË2Ð•Ë'ËO÷�Ò°Í•Î
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