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F F
X = X150 X% 9 k 2 Sx K
n 0
Sxk = (Xva): i (Xixgrayxg) a2 [k = L nnjXy oo
S
F SFik = Ror SFk
F kK 2 Sk
k=2 F
F = [':]
S F
f 2 g F f2F2F;f 2F) (Fnffg [ ff g2 F
F
N f1,2;:::0
m;n2N m<n fm;m+ 1;:::;ng [m; n] m =
[n] X fA:A Xg X 2%
2X fY X:jYj=rg X
X Y X Y f(x;y):x2X;y2Yg
T F F
Fi\ F, 6 Fi;,F: 2 F rp F 6 F
F r r = JF]_J = ngj Fl;Fg 2 F
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U(F) = SFZF F f 2 U(F)
F(f)=fF2F:f 2Fg;, FHhi:=fFnffg:F 2 F(f)g;
O (f):=ff°2U(F): F(f9 = F(f)a:
F(f) F Okr (f) F f

L(F) := ff 2 U(F): F(f) Fg
F  exF) F
fF(F):f 2 L(F)g exF)
fF (f): f 2 L(F)g= ex(F)

r n=2 ]
X = X Xx g Y1 ihYixj 2 N f (X1 y1); 25 (Xix 13 ¥ix ) 9
K Xioo gyl = K k 2 Sxk
( Kk X]
Sxx = f(Xgan); i (Xixj;ax;)9: & 2 [K];i = 15X
[
Sk = Sk
F2F
S[r];k
k=2
F
r SF;k
F r SF;k
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Sy
r=n 3 k=2
r n=2
r > n=2
F Sk « F
F SF;k
k 2
F f 2 U(F)
F f2F2FnF(f) (Fnffo)[ ff g2 F(f )
F k 2
SF;k
Sk« k=2 JOr(f)] 3 (f;1) 2 L(Sk:2)
F 2 1
F
For
k=2
A q k
J(A) = f(x;a+ gmodulo k) : (x; @) 2 Ag:
q=1 k(A)
k =2 2(A) Sx;z A
A2ex(Sx2) , JA\TA; »(A)gi=1 A 2 Sy
Sx 2 exX(Sx;2) exX(Sx 2)
iXj 2
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S I N i 21 Xi . Arl- SXi;Z
i2] A A2 EX(SXi;z) 121 X = i21 X 6
X 2 ex(Sx:2) 121 Aj=fA2Sx i A\ (X 2)2 Xg
121 A
i 21 A; 2 EX(Sxi;z)
m = minfj X;j:i121g
il;iz;l 21 Ail\ Aiz\ (X| [ ]) Ai1 2 Ai1
Ai2 2 Ai2 Bp = Aip\ (X| [2]) p=12 Y = |n(Xi1[ Xiz)
Y 6 C 2 Sy, C = D = Bin(Xi, [2])
E = Bz[ 2(D)[ CcC2 le;z E\ Ai1 = 2(E)\ Aiz = E; 2(E) 2A|
A Zex(Sx,;2)
S
A;B2 , A 21 A\ B\ (X, [2])6
S T _ .
=fA\ ( 2):A2 , Ag X = 5 X j 21 jXjj=m
X = Xj X Aj | = J X
Aj 2 ex(Sx, ) X = A
=1
XSXJ' h2l anl-hg Xj2Xanh
XQ = Xjnfxg i 2 Infjg X=X o X2= X XP=
Xj \ Xh = Aj = Ay = mo :=
minfiXJ:i21g=jXxJ=m 1 1 i 2 Infjg AP:= Ai 2 e¥Sxoy)
Ap = fAnf(Xj;l);(Xj;Z)% A 2 Ajg  Sxoz AB 2 5 A
A\ B\ Xn [2]) 6 i) AY Aj"%ex(Son;z)
J, 2(A°) 2A° Aj0 2 ijo;z A = Ajo[ fXxj;10 Z A 2(A)) ZA;
Aj 2 EX(SXJ;Z) AJO 2 EX(ijO;z)
Al i2l
f2 U(F) A2 eX(SF(f);z)
A:fFZFF\ (OF(f)(f) [2]) 2 Xg X2ex(SoF(f)(f)2)
JOrny(f)i 2 A = Sko((fSD) (fS0) 2 Orry(f) [2]
B = Sg.o((f;1)) n:= jF (f)j S Xl;:::;XS F(f)
i 2 [n] A = A\ SXi;Z B .= B\ SXi;Z in=1 A |= B; A
B Bi 2 ex(Sx,2) i = 15N B 2 exX(Sk():2)
Ai Z ex(Sx;:2) i 2 [n] JAl < ]Bj A 2 exX(Sk(i):.)
Ai 2 ex(Sx,.2) 1 = 15N T X 2 eX(Sx:2)
i12[n] Aj =fA2 Sk A\ (X 2)2 X)g X= 1, X 3f
X = Og)(f) x 2 U(F(f)) X ZX ] 2 [n] X 2 X;
X%OF(f)(f) X 2 OF(f)(f) X2 X OF(f)(f) X
x2X  FH)=F®F) X Orn(f) X = Of)(f)
JOr)(f)i 2 1 jOrr(F)i=JXj 2 X

the electr onic journal of combinatorics 14 (2007), #R41 4



k=2

jOr(f)i 3

F(f1) = F(f2) = F(fs) = F(f)
f 2 ffq;f2f30

(F:1)2 L(Se

F

;2) SF 2

fi;fof3 2 Op(f)

Y= £(f 1) (F2; 1) (Fa;1)g Yo := £(F2; 1) (F2i 1y (fs;2)g Yo = £(F451);(F2;2); (f5: 1)g

Yo = 1(f152); (f2; 1) (F5; 1)g Forf

Sr2((f:1))

(a; b) 2 [n] [2, k] ab: Zsz[n];k | Zsz[n];k

Yi[ Z:12[4],Z 2 Sgnttyt,:449:20
SF;Z

a;b: SZ["];k ' SZ["];k

— Anf(a;bg[ f(a;1)g (asb 2 A;
a;b(A) = A
A Sumy (@b 2 [n] [2K] ap(A)=A
a;b
_ o A Somik (a;b) 2 [n] [2K]
J a;b(A)J = JAJ
A a;b(A)
K = fb:b2
[kKlg[ f(n;1)g P Samk ! Samik
8
< Anf(n;1)g[ f(1;1)g A\ K =1f(n;1)g;
(A) = Anf(L;b;(n; gl f(1;1);(nbg A\ K =1(1;b);(n; 1)g;
A
ab : 2% 1 2%aln
(A)=1f (A):A2Ag[ fA2A: (A)2Ag:
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A 2 Sk
(A) = F:
A Sk K ( A) F

(A)=1f (A):A2Ag=fF2F:A\ Srx6 @

F oo A Seq
JCA)=JA
(A)  Srx
Bi\ B2\ ([n] [1])6 B1;B22 (A)

A2 Sy ( (A) & (A) n2 (A) 1z (A) ( (A) = ( (A)nfng)[

f1g F (C A) F
A\ A%\ ([n] [1]) & A;A%2 A B1;B,2 (A)
P2[21 Bp=A, Bpy= (A A, 2 A

Bp= A, p= 12 By,= (A) p= 12
Bi = AL B = (A 6 A, Bi\ B\ (In] [1]) =
A\ Ao\ ([n] [AD=f(n;l)g A6 (A)2A (AD\ A2\ ([n] [1])=

123 [n] F o on F i 2 [n]
j2J A Seu
JA ] ISEk((1:1))]
A = Sx((b) GG 23 [K] k=2 jOe(1)j > 1
A =fF2F:F\ (Oc(1) [2)2Xg X 2 ex(So, 1:2)

n=2 n> 2 A°
A
ab A= ( A() A SF;k ]AJ = jA J

ALB2A A\B\ Z6

Z:=[n] [1]
B:=fA2A((n;1)((1;1): A\ B\ Z=1(n;1)g B 2 A((n;1))g
A; = A((n;1))nB | 2 [2;K] B, .= f(Anf(n;1)g) [ fn;lg: A 2 Bg A =
A((n;)[ B A((n;1)\ B & A 2 A((n; 1)\ By i (A)\ B\ Z = f(n; 1)g
B 2 A((n; 1) A\ B\ Z = A((n; D)\ B =
X« X« X«
JA;)) (GA((n;1)j B+ (A((n;1)i+iBj) = JAij:
i=1 1=2 i=1

the electr onic journal of combinatorics 14 (2007), #R41 6



z%=[n 1] [1] i2k] AB2A; A\ B\ z°=
i2[2k] AB2A, A\ B=f(nl)g

A; (1;1)2A[ B (A2 A (A)\ B\ Z =
i 2 [K] A:B2A;, A\ B\ Z%
Fo = FnF(n) Fl = Fhi Fo Fl
Ag = A\ SFo;k Ag SFo;k Ail‘(n;i)i
Sk, 1= 105K n

- - - . - - X( - - - . - X( - - '
JAT=0A = JA0+  JA(mI)]  JAd+  JAKN;D)I]

i=1 i=1

JSroi (15 1))j + KiSe,x (13 1))j = jSew((1; 1))i;

A Sk (a;b) 2 U(F)
F2F Sex((a;b) A A Sex((a;b)
B 2 SgunS«((a;b) A\ B =
A 2 Sex((a;b) C 2 SrnSex((a;h) B\ (F [kl) C
q2 [k 1] {(C) 2 Sex((a:b) B\ {(C)=
F 2[n] A SF K k 3 A6 a;b(A) =
Sk «((a°% ) A = Sex((a;b)
A6 ap(A)= Srx((a%H) A2A A 2 S (2% 1)
ab(A) 2 Sex((a% 1) (@) = (a1) F = (A)
Ar = A\ Spx ab(Ar) =  ap(AN\ Sex = Sex((a;1))  JAFI =] ap(Ar)] =
JISex((a;1))] Ar = Srx((c;d)) (c;d) 2 F [K]
A 2 AFnSF;k((a; 1)) a;b(AF) = SF;k((a; 1)) (C;d) = (a;b)
A Sex((a;b) AL =] ap(A)i = jSex((a;D)] A = Srx((a;b)

F2F f;02 U(F) t.g(F):= (Fnfgg)[ ffg
Food L(Sru)=J  [K]
j2J h 2 [n] F j
X X
iSek((h;B)j = JSha((h;B)j + iSci ((h; B)]

H2F (h)(j G2F (h)nF (j
X (h)(i) X (MnF(j)

= ISk ((J; B)j + IS @x((: D) ISk« ((); B)]
H 2F (j)(h) G2F (h)nF (j)
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F2F()nF(h) 1 (F)2 F(h) 3K L)

hzJ F2FnF(h)y f2F
Fi= ne(F) 2F(h) féj) jzF Fo:= 1 (F) 2 F(j)nF(h)
hj (F2) = F1 hj (F2) 2 F (h)
F 2 F(j)nF(h) Fs = ni(F) 2 F(h)nF(j)
Fa = 1 (F3) 2 F(h)(j) nt (F) = s ( 0y (F)) Fi=F,4
F,2 F(h)  F2F() h2J L(FY I3 [K
J [kl L(F)
A® A°6 (A9 =
Sk ((a; 1)) n2J A°= St ((n; 1))
A6 (A9 = Seu((a;1)) A%2 A° A2 S ((a;1))
(AY 2 Seu((a;1)) a=1 (A9\ f1ng = fng A = f(n;1)g]
f(c;2):c2 (A9nfngg ( A9 = Sei((;1)) A (A) (6 A)
A0 A\ A ([n] [1]) &
AsiA, 2 AO (AN AQ ([n] [1]) = A2 A0
A\ ([In] [1]) = f(n;1)g A®  Sgi((n; 1)) 127 JAT=j (A9 = iSrx((1;2))]

n2J A%= St ((n; 1))

F i 2 UGF) F j
k=2
F J j 23
Or(j )nfj g6 FG)=F Or(j )=
Or(j)=fj g Or(j)="fjg j213
Oc(j )nfj g 6 F( )6 F F2FnF() jo2
Or(j )nfj g j°2F F2ZF({)=F(9 F
j f2F (Fnffg)[ fj g2 F( )nF(9 FG)=F(9
FG)=F
j 23 j 2 0:() FG) ( FG) FG)=F F 2
F(G )nF() F j (Fnfjo)[ fjg2 FnF( )
FG)=F J Oe() Oc(j ) J ] 20e( )
FG)=F(@()=F
Or()="jg Or(j)nfjg & j23J Or(j) =
J j 2 Oe()) Or(l ) = Or(j)

Or(j)nfjg6 = Or(j )nfj g

ISEx((Js D)) = jSex((1;1))] (i b 2
J K k=2 A =fF2F:F\(O:(1) [2)2 Xg X 2 eX(So, 1):2)
JA T = 1SF2((131)] Sra((1;1)=fF 2 F:F\ (Oe(1) [2)2 X g
X = Sor 1);2((1;1)) 2 ex(So: 1):2)
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A0 = [Srox((1: 1)) JAINDI] =[Sk k(X5 1))) T = 15k

n F(n) &
n2 (A) A 2A JUF()j=1 (A)="fng A =fAg
JUF()] 2 JUFmMi)j 1 i 2 [K]
AN = jSF,x((1:1))i > 0
Jo = fJ02 [n 1] Fo Jog Ji = fjl 2 [n l] F,
j19 12 Jo\ 1
Kk 3 S B =
Ai = A((n;i)) 1 = 10k A = Ap :(=1 Ah(n;i)i
SkolF 1k Aih(n; 1)i =
SSM((FEE) j12 31 A((n; 1) = A, Ah(n; 1)i = S, x((j15 1)
A S (i) A Sex((iD)
ji1 23 A= Sex((ji 1)
A
k=2 jOr(1)j > 1 F=F@Q
A =fF2F:F\ (OF (1) [2]) 2 Xg X 2 eX(SOF (1);2)
k=2 Or(1) = f1g Fo = F = F(n)
F(n)nF(1) 6 F 2 F(n)nF (1) 12 (Fnfng)[ f1g2 Fy
F(n)nF(1) = F(nNN)=F F(M) =F()
Or (1) = f1g Fo 6 Ao > 0 jAol = JSke2((1;1))]
12 Jo
jOr,(1)j = 1 Ao = Sr2((jo; 1))
jo2 Jo Aol Ay Aol Az
Aol AsAol Az Sra((jo;l)) A Sea((jol)
jo2J A= Srx((jos 1)
A%= Seu((is 1) j 2fjoing\ J 12 Or(1) = f1g
Or(j) = fig (A)= (AY=F()
A = Sex(; b b2 [2]
jOr,(Dj=1 Ah(n; 1)i = Sk,2((j15 1))
jl 2 Jl Ao[ Alf‘(n; 1)| SFO[F 1k
Ao [ Aih(n;1)i SrolF 1:2((J 13 1)) Ao Srpa((j151)) Ao =
ISF:2((1; 1))] j1 2 Jo Ao = Sre2((j131))
jOr,(1)j > 1 jOr,(1)j > 1 Fo(1) = Fo Fi(1) =
F,.  F@Q)=F A = Se2((1;b) b2 [2]
(1;1) 2 L(SFx) Sri((1;1)) 2
eX(SF ;k) S|: k k 3 S|: k
k=2 S|:;2
jOr(1)] 3 f=1
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F r
f 2L(F), (f;1)2L(Sex)

f 2 U(F) k" 4F (f)j = K" 4 ( Sex((f52))i = iSex((f; 1))
A Spy IA):=f J(A): A2 Ag F=fFg A

A2A q2 [k 1] HWA)ZA A\ A= A, YA K YA)
k KiA]  [Skkj = K
A Srx ) A kTt

JSex((f;1))j =k *

F A Sk
(A) f2L(F) jCA)N JF(f)] F2 (A)
Ar = A\ Sky Arj k1 b2 [K]
X
Al = AR KA KR (F)) = iSex((f D)
F2 (A)
(A)=F(f) F2 (A) jAej=k 1
F2 (A) Ar 2 eX(Srx)
k 3 F 2 (A) AF = SF;k((a ,b))
(@a;b)2F [k A Sexl(a;b))  Srxt
k=2 f 2 L(F) jOr(f)] 2 X = ppoaF
iXj 1 fo2 X (A) F(f9 JCA) = JF(F )]
f 2L(F) (A)=F((9 f902 L(F) jOr(f9) 2 A 2 eX(Sk(i9):2)
A Sk 2 Sk
k=2 jOe(f)] 3 f2L(F) (f;1) 2 L(Sk2)
SF;2
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