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Abstract

Inspired by the results of Stanley and Widom concerningthe limiting distribu-
tion of the lengths of longestalternating subsequences random permutations, and
results of Deutsch, Hildebrand and Wilf on the limiting distribution of the longest
increasingsubsequencdor pattern-restricted permutations, we nd the limiting dis-
tribution of the longestalternating subsequencdor pattern-restricted permutations
in which the pattern is any oneof the six patterns of length three. Our methodology
usesrecurrences,generating functions, and complex analysis, and also yields more
detailed information. Se\eral ideasfor future researd are listed.

1 Intro duction

Let S, be the symmetric group of permutations of 1;2;:::;nandlet = ; , n 2
S,. An increasingsubsequencen  of length * is a subsequence;, i, ::: ;. satisfying
i, < i, < < ;. (note that we are not consideringsubwords, sothe indicesiq;:::;i-

need not be cortiguous). Se\eral authors have studied properties of the length of the
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longest increasing subsequences,( ) of a permutation and the assaiated random
variable is,, givenby taking an elemen of S, uniformly at random. Loganand Shepp[10]
ang Vershik and Kel50v [13] showved that the asymptotic expectation satis es E(is,) =

% 25, 18n( ) 2 nwhenn! 1, andthe limiting distribution of a suitably scaled
and translated versionof is,, was determinedby Baik, Deift, and Johansson4].

Recerly, Stanley [12] deweloped an analogoustheory for alternating subsequences,
that is, subsequences;, i,::: ;. of satisfying i, > i, < i, > i, < i.. He
proved that the mean of the random variable al, whosevalue is the longestalternating
subsequencef an elemen of S, chosenuniformly at random is 4“g1 forn 2, andthe

varianceof al,, is %n % forn 4. Furthermore, Widom [14] shaved that the limiting

distribution asn! 1 of the normalizedrandom variable (al, 2n=3)= 8n=45is the
standard normal distribution.

Note that we are considering\alternating subsequencestarting with a fall'. The
alternative of \alternating subsequencestarting with arise" would yield the sameresults
in this caseby symmetry. Howewer we will make use of both types of alternating sub-
sequencen our situation descriked below, becausethe results are not the samein that
case.

Let 2 S,and 2 S¢ betwo permutations. We say that avoids , oris -avoiding,
if theredonot existl i< i,< <ix nsudthat ; ::: ; isorder-isomorphicto

; in sud a cortext is usually called a pattern. The setof all -avoiding permutations
in S, is denotedS,( ). It is well known that the number of -avoiding permutations of
lengthn, 2 Sz, isgivenby c, = ﬁ 2n” the n-th Catalan number; see[8, 9].

Deutsd, Hildebrand and Wilf [5] connectedpattern avoidanceand longestincreasing
subsequenceby deriving the limiting distribution of the longestincreasingsubsequences
in -avoiding permutations, for ead of the possible 2 S;. Inspired by the results of
the above authors, we complete the picture by studying the limiting distribution of the
longestalternating subsequencefor -avoiding permutations, for ead possible 2 S;.

Our main results may be formulated as follows.

Theorem 1.1 Let 2 S;. In theclassof -avoiding permutations of lengthn, the length
of the longestalternating subsguen@ has mean n=2 and variance 2 n=4. The
details are shownin Table 1. ]

Moreover, the (almost normalized) random variable X , = %p% de ned for all per-

mutations of length n that avoid the pattern , conveilgesin distribution to the standa
normal distribution asn! 1 . In other words, al, satis es a GaussianLimit law.

We note that asin Stanley's study, we obtain Gaussianlimiting behaviour (but with
a smaller meanand larger variance). The generatingfunctions obtained by Stanley were
rational whereasours turn out to be algebraicbut not rational. The Gaussianlimit is
obtained by using generalresults on limit laws for combinatorial classegresetted in the
forthcoming work [6].

The outline of the rest of the paper is asfollows. In Section2 we setup recurrencedor
the number of -avoiding permutations with longestalternating subsequenc®f a given
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Table 1: Statistics for al, on Sy( )

size. This leadsto a systemof functional equationsthat we solve usingthe kernelmethod.
From the explicit form of the generating functions we are able to derive probabilistic
information including a Gaussianlimit law.

2 Deriv ation of the generating functions

We introducetriv ariate generatingfunctions A and B asfollows.
Let bl( ) be the maximum length of an \alternating subsequencestarting with a

rise" in . That is, the maximum length of subsequences;, ,::: ;. of satisfying
i1 < 2 i3 < iy i
Denej( )= 1,
v = iiyi() 1q8l() = “mei )i Lgm-
A (x;v;Q) =p 2s() XV q —Pn;m;ja(n,m,‘J)xv_ q;
B (x;v;Q) = L5 )X WO PO =" b(nmj)x"V g

wherea (n; m;j) (respectively b (n; m;j)) denotesthe number of elemetts of S,( ) having
al( ) = m (respectively bl( )= m)andj( )=]j.

Various re nements will be used (the reader should take careto avoid confusion,as
somedi erent notations look similar). We write a (n; m) insteadof a (n; 1; m). We then
de ne

X0 X0
a(m=a(mao= amm)d’; bm=b(ng=  b(nmqg":

m=1 m=1

permutations  of Iengthn sud that al( )— m (resp bl( )= m)and ;: = j1is
Forn mdene

)

a(mjiiinis)=amiuiisd = ajsiiidd;

b(njiiinijs) =b(njoiiijsia) = 1b'(n uiniad;
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andforn O,

)

A (n;v)=A (n;v;q) = anj;vi & A (xv)=A (X;v;Q) = P A (n;v)x";
i=1 n o
B (n;v) =B (n;v;Q) = b(n;j;qv % B (x;v) =B (x;v;q) = P B (n;v)x":
1

i= no

A

Our planisto study the generatingfunctions A (x; v;q) andB (x; v; g) for ead pattern
2 S;. We rst shav how to reduce the number of casesby using some standard
involutions.

Lemma 2.1 Let = 1 ,::: ¢ 2 Sk be any pattern. De ne
0= (k+1 k+1 ):(k+1  )2S

Then A (x;v;q) = VB o(xv;1=v;q). In particular A (x;1;09) = B o(x;1;q), andal( ) =
bi( 9.

Pr oof. A straightforward application of the complementmap

120 070N+l PH(n+ 1 L):ii(n+ 1l )

Prop osition 2.2 The following equalities hold.

(i) The numkber of 231-avoiding permutations  of length n havingal( ) = m equals
the numler of 132avoiding permutations of lengthn havingal( ) = m. In other
words,

Agzi(X; 1, 0) = Aza(x; 1;0):

(i) The numker of 213-avoiding permutations of lengthn havingal( ) = m the same
as the numker of 312avoiding permutations of lengthn havingal( ) = m. In
other words,

Az13(X; 1,0) = Asiz(X; 1, 0):

(i) The numker of 231-avoiding permutations of lengthn havingal( ) = m the same
as the numker of 321-avoiding permutations of length n havingal( ) = m. In
other words,

Azi(X; 1, 0) = Asza(x; 1;0):

Pr oof. In ead casewe exhibit a bijection from S,,( ) to S,( 9 which doesnot change

the value of al( ). We use the following notation. For an integer r and word w on
1,2;:::;n, welet w+ r bethe word obtained by replacing ead letter w; by w; + r.
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(i) We rst usea standard block decomposition. Let 2 S,(231) and write  uniquely

as = % nj %where ; = n. Notethat % ©arewords that avoid 231 and

k < | for ead pair of indiceswith k < j < |. Wenow de ne the map recursiely
asfollows. Let ( ) bethe permutation

(9+(m Dinj (% G
In other words, we recursiwely ensurethat the pattern 132is avoided by the left and
right blocks, and then increaseall elemeits in ° and decreaseall elemetts in %
sothat the pattern 132 doesnot straddle the divider n betweenblocks. Of course,

we interpret eath word % ©asa permutation on the letters occurring in it. For
example, (21534)= 43521.

Since avoids 231, every alternating subsequencehat leaves ° must rise at that
step, so by replacingthe next elemen in the subsequencéy n, we obtain an alter-
nating subsequencef the samelength that includesn. Every sud sequencemaps
to an alternating subsequenceia . Thusal( ( )) al( ). Sincethe inversehas
a similar property, presenesal.

(i) This is similar to (i). Let 2 S,(213), and write uniquelyas = %jnj @

where ; = 1. Dene ( ) to bethe permutation
(9 (v Dilj (%9+( 1
For example, (6745132)= 2435176.

Since avoids 213, every alternating subsequencehat leaves ° must fall at that
step, so by replacingthe next elemen in the subsequencdy 1, we obtain an alter-
nating subsequencef the samelength that includes1. Every sut sequencemaps
to an alternating subsequenceia . Thusal( ( )) al( ). Sincethe inversehas
a similar property, presenesal.

(iii) Simion and Scmidt [11]introduceda simple bijection, say f : 7! © the S,(123)
and S,(132) which xes ead elemen of S,(123)\ S,(132). Essetially, the inverse
off xes the position of ead left-right minimum, and lls the remaining positionsin
decreasingorder. Recallthat ; is called a left-right minimum of if therenoj < i
suc that ; < ;. It follows from the de nition of f that if ;; ; (respectively ?

and J-O) are left-right minima with i < j then ;1 > 1 > > ;1 (respectively

i0+1 < i0+2 < < jO 1)'

Deneg=r f r,wherer isthe reversalmap (r : 1 » n ! n 2 1)

From the de nitions we obtain that g is a bijection betweenS,(321) and S,(231).

The above propertiesof f imply that for eacn 2 S,(132), the length of the longest

subsequencef the form

> < > < i (iy>ip:::

N—r

ia i3 iz
is presened by f. Hence,al(r( )) = al(r(f )). [ |
Thus we needto considerin detail only the cases = 123and = 132,which we now

proceedto do.
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2.1 A system of functional equations for the generating func-
tions

In this sectionwe nd an explicit formula for the generatingfunctions A (x; 1; ), where
2 S;. Todothat we rst nd recurrencerelations for the generatingfunctionsa (n;j)
by using the scanning-elemets algorithm as descrited in [7]. A rewriting of theserela-
tions automatically gives a system of functional equationssatis ed by the multiv ariate
generatingfunction A (x; v; Q).
The argumen in eah caseis similar. We consider rst the case = 123. From the
above de nitions we have for alln 3,

X 1
aps(n;j) = agps(N;j; 1) + aizs(n;j; n)
I_}l< 1 X 1
=q bos(n L)+ aps(n;j; n;i)+ as(n;j; n;n 1)
){(—11 i=1
=g (bizs(n  L5i)+ bias(n  250)) + ages(n;j; n;n 1)
=1 X .
=  =q (bs(n L;i)+  + bios(j; i) + as(n;j; nyiij + 1)
i=1
- (
X1 j 1 j>1
=q (bsn L)+ + by + Tl D2
i=1 q ’ J -
and
X 1
bi2s(n;j) = bios(n; J; 1) + bizs(n;j; n)
o
= bios(n - 1;i) +  bios(nij; n;i) + bias(n;j; nyn 1)
;11 i=1

= (bs(n  1;i)+ oPbis(n  2;0)) + bips(n;j; n;n 1)
i=1 X .
= = (bas(n  1;i) + ofbza(n - 2;i)+  + oPbias(j; 1))

i=1
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= (ba(n  L;i)+ fba(n 250) +  + oPbugs(j; 1))

8 .

2 of; j=1
o Fbios(j 1) j>1

" bps(n 1), =

Hence,(foralln 4andj = 1;2;:::;n,

8 p1 |
q  bis(n  L;i);
=l

% bos(nij) bus(n L) =’F:(b123(n L)+ (@ Dbus(n 2:1)):

5alzs(nij) a;pz(n 1;j)

Multiplying by v/ ! and summingoverj = 1;2;:::;n we obtain
As(n;v)  Apa(n  1;v)

P P! _
=q V' bs(n 1)
j=1 i=1
P1pP1l Pl
=q Vibos(n  1;i) = % (v T v Dbs(n 1;0)

i i=1

1=
- (Big(n 1;v) V" 1Big(n 1;1));

"

Bi2s(n;v) Bax(n  1;v)
P jp1 , ,
Vit . (bias(n  L;i) + (¢ 1biaa(n  2;i))

i
= Vi(ba(n  1;i)+ (P L)bpa(n  2;0))

i=1 j=i

= P2
=% (Vv Hbgg(n L)+ G (v v Hbgg(n - 23i)
. i=1

i=1
= 1% (Ba(n  1;v) V" 1Bia(n  1;1))

+(q21 \1,)\/(3123(” 2;v) V" 2Bixs(n  2;1));

forall n 4. Multiplying the above recurrencerelations by x"=V' and summing over all
n 4, we obtain

P R
A123(X=V; V) Aa(i;V)or FA3(X=Vv) + X Appa(i; V) ir
0 i=0

i=

ax . P Fo X . R - i

= 17 Bizs(X=v;V) Bi2a(i;V)ir  Buias(X;1)+  Buaa(i; 1)X
i=0 i=0

R . i P . i
B123(X=V; V) Bioa(i; V)5 yBazs(X=v;V) + X Buas(i;V)ir
i=0 i=0

X FZ . Xi FZ . i
= v Bizs(X=v;V) Bi2a(i;V)ir  Buias(X;1)+  Buaa(i; 1)X
i=0 i=0

2 2 P‘ . i p‘ . .
+ (?,(1 13,))( B123(x=V; V) Bias(i;V)r  Buiaa(X;1)+  Buaog(i; X'
i=0 i=0
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and using the initial conditions

A123(0;v) = 1; B123(0;Vv) = 1;
A13(1;v) = q; B123(1;v) = q;
A123(2;V) = (1 + va); B123(2;V) = q(q+ v);

Ara(3;V) = (1+ (1+ Qv+ (1+ 9V?); Bias(3;v) = (o + o(1 + Qv + (1 + gVv?);
together with somerather tedious algebraicmanipulations we concludethat
g 1 % Aps(x=v;v) 7LEBias(X=V;V)
=1 @ 9 dl A% £9Bis(x; 1);
3 1 ST Busbewv)
' =1+(q D+ a+ g)r 2T DB 1):

v(l v)

(1)

We next considerthe case = 132. From the de nitions, for ead j = 1;2;:::;n we
have the systemof recurrences

- X] - - X 1 . - - X 1 -
az(n;j) = agz2(n;j; i) + apz(njs i) = amz(n L;j)+q  bis(n L0);
i=j+1 i=1 i=1
- X] - - X 1 - - . X 1 -
biso(n;j) = brsa(n;j; i) + bis2(Nn;j; 1) = gaus(n 1;j) + bis2(n 1;0):
i=j+1 i=1 i=1

Multiplying by vi ' and summing over all possiblej = 1;2;:::;n we obtain, for eath
n 2, the system

P RN -3 .
A(nv) = Vo faip(n Lij)+q v tao(n - 150)
- . -
J PPl
= A(n Lv)+q . Vbig(n - 150)
i=1 j=i
P1
= Ap(n L)+ 2% (VP V! Dbge(n 150)
i=1
= 7%(Biz(n  1;v) V" Bip(n 1;1)) + A(n 1;v);
P PP _
Biza(n;v) =q V) “a(n L))+ V tao(n - 150)
j=1 j=1 i=1

Pip1 |
= gA(n Lyv)+ Vibiso(n o 150)

i=1 J|1:=)|1 | -
Ae(n - Lv)+ 75 (VP v Dbi(n 1)
i=1
= 1% (Bix(n  1;v) V" 'Bigp(n  1;1)) + 0As(n 1;v):
Multiplying the above recurrencerelations by x"=v' and summingovern 2 while using
the initial conditions

A132(0;v) = B132(0;v) = 1L and A13(1;Vv) = Bisa(1;v) = @
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we nd that

A13(X=V; V)

1 gt = 25 (Bin(=viv)  Buap(i 1)+ X (Awx=viv) 1)
Bisz(x=v;v) 1 ¢ =

ﬁ(Bl32(X_V1V) Biz(X; 1)) + ¥ (Arz2(x=v;v)  1);

which is equivalert to

X

1 — Ap(x=viv
y 132( )

X X X
1 qVBlsz(X:V;V) =1+ (q 1); 1—qVBm(x; 1);

Xq
—Apx=v:v)+ 1 B x=viv)=1
v 132( ) T v 132( )

X
B13:(X; 1):
v 132(X; 1)

We can eliminate A13;(x=v; V) from the secondequation by adding xg=v times the rst
equationto (1 x=V) times the second.This yields the equivalert system

% 2 Aw(x=v;v) 75 Bis(x=v;v)

=1+ (0 1) 1%5BusaAx1);
2
s 1 SR Butow)

(2)
-1+ x(q D4 x q\(l(g 1) xv+\f(cl12 Vi)szl32(X; 1):

2.2 Solution of the functional equations via the kernel metho d
In both systems(1) and (2) the secondequation can be written in the form

K(x=v;v; QB (x=v;v;q) = R(x=v;q) + (K (x=v;V; Q)

1+ x=v)B (x;1;0);
where

e = 1 XF (@ DR®
K(x;v;g =1 1 v

Riza(;0) = 1+ (g  DLx(1+ gx + ¢°x?)
Riza(X;0) = 1+ (g  1)x(1+ ox):

This seeminglyunderdeterminedsystemmay be solved systematicallyusingthe kernel
methal, as described in [1].

If we set K (x=v;v;Qq) to zero, then we have B (x;1;q) =
R(x=v; Q=1 x=v) where(x;v;q) arelinked by the equationK (x=v;v; g) = 0. Near the
origin we have

Cocvig= YAV (xa)

vl v)
where

. _ 1 1 2x)2 4¢2x2 _ 1
(x;q) =

(1 4x+4(1 qz)x2 _ 1 1 2(1+gx)X 21 gx) .
2 - 2 - 2 :
We must take v = Q) i

+(X; ) in order to obtain a power seriessolution. This then yields
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(x;9) 1+ (9 1)x

X 1+ (g 1)x
(@ Dx 1, agql+ (g 1)x).
1+ (¢ 1)x? x  (1+ (g 1x)*

Bis2(x; 1;0) =

3)

B123(X; 1;0) =

(4)

Using the reductions above and Proposition 2.2 we obtain the following result. Since
6 (x; 1;09) and B (x; 1;q) eat reduceto the Catalan generatingfunction C(x) = (1
1 4x)=(2x) whenq= 1, we expect them to be, at best, algebraicand not rational. As
we now see,nothing worsehappens| we obtain a nice deformation of C.

Theorem 2.3 The geneating functions for the numter of -avoiding permutations of
lengthn with al( ) = m all havethe form

1 IO(1 2X)2  4X2CP

A (X 1,0 = a(x; q) + b(x; q)

2X
where a and b are as givenin the table below.
| | a(x; 9 [ B9 |
123 (1 o®)(a+ g q)zxz‘1 qx(i Xg)2>;§+x2(1 Q)+ x(q_2)+1) ?12(1X+X);g§g
132,231,321 L Lo
312213 0 ey

The correspnding results for B are easily obtained from the reductions descriked
earlier and so are not listed here.

3 Extraction of coecien ts from the GF

A number of corollariesfollow from Theorem2.3. The rst is an explicit expressionfor
the number of permutations  of length n having al( ) = m. To do this we require the
following lemma.

Lemma 3.1 Letf4(X;q) bethe geneating function

1 x+Xxq
2(1 x+ xg?)s

(1 p(1 2X)2  AX2QP):

Letn 3andn m 1 Thenthe x"g" coe cient in the geneating function f(x; Q)
is

2 : 3 .

P2 e y bTcts 2 ] nts 2 4 P (D" iPTc 5 41 s | sb
j+1 i 2 b lcts 2 j j+1 j (LN i

J J S J >=C+S j j=blcrs 1 J J > nijb

m 3
2

m+3
2

c .
¢

j=0
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Pr oof. We have
X(1 x+xq) _ (1 x+xg?)° U+ x(1 x+xq) °
1 x+xP)s1 1 x+xq (1 x+xP)s !

u = fg(x; 0

Henceby Lagrangeinversionformula [16]
!

P2 _ P . _ .
c A — xitl 2 1 xI*1 2 2\j+1 s
fS(X,Q) - (1 X+ Xq) -0 it1 ] (1 x+xg?)s 1] + ) 1 i+l (1 X+ Xq )
J= I s

Expanding the above generatingfunction at x = q= 0 givesthe desiredresult. [ |

Corollary 3.2 Fixn landletl m n. Then

(i) The number of 123-avoiding permutations of lengthn 3 satisfyingal( ) = m is
given by

L ( 1" jb M te 2] i 2 i bm;—lC

j+1 j  b™%c n j b%lc

j=b™Zc
(i) The numkber of 132avoiding (or of 231-avoiding or 321-avoiding) permutations of
length n satisfyingal( ) = m is givenby
XTo(yrie®e g o1 j o bpe
j+1 i b™%c n j bfc’

j:bm;l c

(i) The numker of 312avoiding (or of 213avoiding) permutations of length n satis-
fying al( ) = m is given by

m+1
2

XL ie

© 4§ § bhre
j+1 j b%c n j b™ic

j:bmzlc

Pr oof. It is not hard to seethat the generatingfunction A23(Xx; 1;g) can be written as

m 1
X2 (2 xb 2o

P m+
Aps(x;Lg =1 X13 Xq+ X31 X 1P + 3( 1P
m

+ (1 x+0x) (1 P (1 2X)2 4x2q2)

2x(1 x+xg?2)3

(l x)bm+1 ¢

Lemma 3.1yields the rst formula and argumeris similar to those usedin the rst case

provide the others. [ |
Theorem 2.3 also provides us with the following asymptoticsasn! 1 .

Corollary 3.3 Fix m 3. Then for each wehaveasn! 1
al (n;m)  2"(n=2)"W(n)X (m)

where W and X arein (1) . More speci c ally we havethe following asymptotic results.

the electr onic journal of combinatorics 14 (2007), #R34 11



() Asn! 1 ,thenumler of 123avoidingpermutations of lengthn satisfyingal( ) =

m satis es
aj23(n;1)=0
a;23(N;2) = n
n
ag3(n; 3) = 5 1
an%c 4 n
ai23(n; m) n 2bZcts form 4

(bT  10!(bZc 2)!

(i) Asn! 1, the numker of 132avoiding (also the numbker of 231-avoiding or of
32l-avoiding) permutations of lengthn satisfyingal( ) = m satis es

apz(n; 1) =1
a;2(n;2)=n 1
2b™ ¢ 4
n 2 m+
a132(N; M) n 2bmztc+d form 3

(b™1¢)!(b™20)!

(i) Asn! 1 ,thenumkber of 312avoiding (also the numkber of 213avoiding) permuta-
tions of lengthn satisfyingal( ) = m satis es

asi2(n;1)=1
az2(M2)=n 1
an%c 2 "
azi2(n; m) n 2bcHl form 3

(bZ0)l(bZc 1)

Pr oof. Let

p
f=A(xLq=akq-+ l:(x;q)l (1 22XX)2 422

asin Theorem2.3. Then we can rewrite f as

p
a(x: @ + b(x: @) + bix: g 1= (12X 2x)2 AX2P

P 1 M2P=1 2x)?
2x=(1  2X)

—
1

a(x; q) + b(x; g) + b(x;q)1
a(x; q) + b(x; g)(1 + c(x; 9)):

We note that the subsitution u = xg=(1 2x) gives

1 pil U2 _ X x2i+1 q2j +2

2 = S gL
2u Lo (@ 207

c(x;g) = qu
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whereg is the j-th Catalan number - %

Sincea(x; q) and b(x; q) are rational with denominator
1 x+x0)°= (1 x)°(L+ Fx=1 x)°

for somes > 0, we seeby geometric seriesexpansionthat for each m the coe cient
[d"]a(x; ) and ["]b(x; q) hasa pole at x = 1 and no other singularities. Thus the above
represemation makesit clear that [q"]f has dominant singularity at x = 1=2, coming
only from the squareroot term. Hencethe exponertial growth rate of [q"]f asn! 1
is 2. In fact the leading term asymptotic comesonly from the term with highest degree
] occurring.

We give more details only for the case = 321 asthe other casesare similar. Write
a=x=(1 x)andb=x=(1 2x)= (1=2)=(1=2 x). Then we have

" #

X
a9 1*2a b3 Q)
i 0

Asa(X 10) = 37— @+ ag)?

J

For| 2, considerthe coe cient of ¢ in this last equation. The highestdegreeterm in
j occurring iswhenj =1 2, and the coe cient of ¢ is equalto at? 3¢ »,=(1 x). A
straightforward partial fraction argumert (for exampleasin [6, p243]), followed by some
algebraic simpli cation using the explicit formula for the Catalan numbers, gives us a
leading order asymptotic in n of 2"2 ( 2p2 4=(1 )11 2)).

Similarly, considerthe coe cient of g?**. The highestdegreeterm in j occurring is
whenj = | 1, andthe coe cient of g?*! isthen ¥ g ;=(1 x). We obtain a leading
order asymptotic of 2"2 ( Dn2 211 1)1).

We can conbine the odd and ewen degreecasesby observingthat when m = 2,
I 2= dm 3)=2¢ whereaswhenm = 2|+ 1,1 1= dim 3)=2e. This yields the
displayed formula. [

We might also considerdi erent regimesfor bivariate asymptotics. Robin Pemartle
and coauthors [15] have an ongoing programme to derive asymptotics via analysis of
multiv ariate generatingfunctions. Their results are particularly well suited to the case
wheren and m are of the sameasymptotic order, namelym = ( n)asn! 1. The
particular generatingfunctions we have derived do not fall under any of the caseswhich
they have sofar solved, howewer, and we proceedno further in this paper.

3.1 Probabilistic considerations

Recall that we considerthe random variable al, that gives the length of the longest
alternating subsequenceof a -avoiding permutation chosenuniformly. We can easily
obtain the meanand variance.

Corollary 3.4 The following resultson mean and variance hold.
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(i) The mean and variance of the longestalternating subsquene in 123-avoiding per-
mutations of lengthn are givenfor all n 2 by

(n) = 2n?+5n 9
12T Toen 1)
(n+ 1)(8n% 50n2+ 10In + 9)
123(n) = :

42n  1)?(2n  3)

(i) The mean and variance of the longestalternating subsgquene in 132avoiding per-
mutations (also the numker of 231-avoiding permutations or 321-avoiding permuta-
tions) of lengthn are givenfor all n 2 by

(n 1)(2n+ 5)
2(2n 1)
(n+ 1)(8n® 42n?+ 73n 15)
42n  1)?(2n  3)

132(n) =

132(n) =

(i) The mean and variance of the longestalternating subsquene in 312avoiding per-
mutations (also the numker of 213-avoiding permutations) of lengthn are givenfor

alln 2by
n+1
312(N) = >
(n+ 1)(4n?> 150+ 15)
312(n) = .

42n 1)(2n 3)

P
Pr oof. The explicit formula for 5123(n) = & ,s,a29 al( ) canbe obtained from the
fact that the generatingfunction | , 123(n)c,x" is given by

n.

@ . 1 4x)(2 X 2 13X+ 16x2 X 2n2+5n 9
—A123(X;1;q)1q=1=( X ) P ) =gy 2*5 9

X
@ 2x 2x 1 4x o, 2
Thus, 123(n) = 2';2*“5”1)9, asclaimed. b

The secondfactorial momert  9,5(n) = pin 2s. 29 &l( )(al( ) 1) canbe obtained

from the fact that the generatingfunction | , 9,3(n)c,x" is given by

%AHS(X; 1,0) jo=1
A4+ 12x3 322+ 15 1 1 2Ix+ 12&2 292 + 200k*
X x 1 4x
X n4+3n3 1502 2n+ 45
2n 1)(2n 3)

n.

2x% +

n 3
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Using this expressionthe variance 1,3(n) is given by

123(N) = Dp(N) +  123(N) 123(n)?

and sowe have
(n+ 1)(8n® 42n%+ 73n 15)

42n  1)%(2n  3)
The argumert is the samefor any other value of . [ |
We can now obtain the limiting distribution of the longest alternating subsequence

for pattern-restricted permutations in which the pattern is any one of the six patterns of
length three.

123(N) =

Theorem 3.5 Let 2 S; and de ne the randomyvariable X, on S,( ) by

_ aly
n = —P==1
L

NS

Then X,, convemgesin distribution to a standad normalasn! 1 .

Pr oof. We give the argumen for = 123,the other c&sesbeing completely analogous.
Theorem 2.3 givesthat A1x3(x;1;9) = V(X; Q)+ U(x;0) 1 2x 2xq, where

) — (@ ) g+ g g)ix* g g)x3+x3(1 g+ x(q 2)+1) (1 x+ax) .
V(X q) = (I x+xq?)? + 2x(1 x+xq2)3?

2 p_—_""°
UGa = aa gy T X+ G

We apply a generalresult [6, Thm 1X.10] on limit laws for algebraic singularities
(which ultimately relieson the so-calledQuasi-Power theorem). We needto verify se\eral
conditions. First, note that we can choose" > 0 sothat xU and V are analytic for

1X] r =14+ " andjqg 1 < ". Next, xU(x;1) hasa unique root = 14 < r,
and U (; 1) 6 0. For q near 1, there is a nonconstan root x = (q) of the equation
1 2x 2xq= 0,namely (q) = [2(1+ g)] !, is analyticin g, and (1) = . Finally,

the variability condition is satis ed: the quartity (= (1))%+ (= (1))° [(= Q)% is
nonzero,where °denotesthe derivative with respect to q.

The result now follows from the quoted theorem (note that the details are very similar
to thosein Example 17 following the theorem). |

We can ask more re ned questions,sud as whether a local limit theorem holds (the
normalized probability density corvergesto the normal density). The result descrited
in [6, Thm 1X.13], and the examplefollowing, shav that a local Gaussianlimit law also
holdsin our case.Thusthe normalizedhistogram of the valuesof al,, is well appraximated
by the standard normal density for large n. Similarly we could considerlarge deviation
probabilities asin [6, Thm 1X.14]. Howeer, this is beyond the scope of our main interest
hereand we omit the details.
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4 Commen ts and ideas for future investigation

We note that the meanand varianceof al, are asymptotically independen of the pattern
and the samelimit law is obtained in eat case. The results given in [5] for the longest
increasingsubsequencshon that for somepatterns similar Gaussianlimiting behaviour
occurs,with the sameasymptotic meanand variance. Howeer for othersa quite di erent
behaviour ensueqthe most extremeis the case = 123sinceif avoids thenits longest
increasingsubsequenceés of length at most 2, but there are other more interesting cases).
Thus, just asin the unrestricted case,consideringlongestalternating subsequencealways
leadsto Gaussianlimits, and this is markedly di erent from the situation with longest
increasingsubsequences.

The full history recurrencesusedto derive the functional equationsfor the generating
functions A and B are somewhatcumbersome. Ideally one would like to derive the
functional equation directly from somecortext-free grammar de ning the combinatorial
classin question(\the symbolic method"), asin [6].

The explicit formulae for the coe cients of A (X; 1;q) involving alternating multiple
sumsare rather complicated. While a simpler explicit formula of this type may not be
possible,a simpler recurrencerelation may be possible. SinceA is algebraicit is D - nite
and satis es a linear PDE with polynomial coe cients. Thus the valuesa (n; m) also
satisfy a linear recurrencewith polynomial coe cien ts. We have not pursuedthis further,
but it may yield a simpler method for calculating a (n; m) for moderately large valuesof
n and m. P

By Theorem 2.3 we have Ax3(x;1; 1) = %(1 1 4x). This implies that the
number of 123-avoiding permutations of length n with odd longest alternating subse-
quenceequals s times the number of 123-avoiding permutations of length n with

3(n 1) . .
even longestalternating subsequence Similar results hold for the other valuesof but
they are di erent: for example,when = 132the corresmnding fraction is 5 21. It is

not immediately obvious to us why this disparity should occur.
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