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Abstract

We study the evolution of the order of the largest component in the random
intersection graph model which re
ects some clustering properties of real{world
networks. We show that for appropriate choice of the parametersrandom intersec-
tion graphsdi�er from Gn;p in that neither the so-calledgiant component, appearing
when the expected vertex degreegets larger than one, has linear order nor is the
secondlargest of logarithmic order. We alsodescribea test of our result on a protein
similarit y network.

1 In tro duction

The classicalrandom graph model (introduced by Erd}os and R�enyi in the early 1960s)
considersa �xed set of n verticesand edgesthat exist with a certain probability p = p(n),
independently from each other. It wasshown to be inappropriate for describingreal{world
networks becauseit lacks certain featuresof those(e.g. scalefreedegreedistribution and
clustering). One of the underlying reasonsthat are responsible for this mismatch is
preciselythe independenceof the edges,in other words the missingtransitivit y. In a real{
world network, relations betweenverticesx and y on the onehand and betweenvertices
y and z on the other hand suggesta connectionof somesort betweenverticesx and z.

An intersection graph is a graph on vertex set V whereeach vertex hasa subsetof a
ground set W assignedand two verticesare adjacent if and only if the assignedsetshave
a non-empty intersection.

We call the ground setW from which the assignedsetsarechosenuniversal feature set
and its elements features. Furthermore the set of verticesVw holding a speci�ed featurew
(which obviously forms a clique) is called feature clique while Wv shall denotethe feature
set assignedto vertex v. We generalisethis notation to setsof vertices and features in
the obvious way, e.g. WU =

S
u2 U Wu.
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Examplesfor intersectiongraphsare the well studied interval graphson the real line,
in this paper however we will only consider�nite sets.

A random intersection graph on n vertices with a universal feature set of size m is
one whereeach vertex chooseseach feature independently with probability p. A sample
of this probability spaceis denotedby Gn;m;p .

We considernow and in the following at m := n� with either � > 1 or 0 < � < 1.
This random model was invented and studied with respect to subgraph appearance

by Karo�nski, Scheinermanand Singer-Cohenin [11], with respect to equivalenceto Gn;p

by Fill, Scheinerman,Singer-Cohenin [7] and with respect to vertex degreedistribution
by Stark [14]. An algorithmic reconstruction of the feature structure with only the in-
tersection graph as input was given by Behrisch and Taraz in [2]. The �rst two results
and someresults concerningconnectivity and cliques can also be found in Singer [13].
Recently alsothe chromatic and the independencenumber of random intersectiongraphs
have beeninvestigatedby Behrisch, Taraz, and Ueckerdt [15, 3].

Extensionsto the model wereproposedby Godehardt and Jaworski in [8], who modify
the distribution of the sizesof the feature cliques and practical relevanceof the model
wasstudied by Newman,Strogatz and Watts in [12] and by Guillaume and Latapy in [9].

The aim of this paper is to study the evolution of the largest component in this
model. Sincecomponents arenatural candidatesfor clustersin graphsit is straightforward
to analyse their growth in our random model, thereby getting insight into structural
peculiarities of the real{world networks. The component structure for Gn;p was already
studiedby Erd}osand R�enyi in [6] and there arealsoresultsfor somemodelsfor real{world
networks by Chung and Lu [5] and Bollob�as and Riordan [4].

The paper is organisedas follows. In the next section we describe our results and
compareit with the growth of the giant component in Gn;p . Section3 statessomeresults
on branching processeswhich will be usedfor the proofs of the results in Section4 and
5. We closewith experimental studieson the evolution of a real{world network.

2 The results

Let N (G) denotethe order (number of vertices)of the largestcomponent of G. Our main
theorem is:

Theorem 1. Let Gn;m;p be a random intersection graph with m := n� and p2m = c
n .

Furthermore let � be the single solution to � = exp(c(� � 1)) in the interval (0; 1) for
c > 1 Then we havea.a.s.

N (Gn;m;p ) �
9

(1 � c)2
ln n for � > 1 and c < 1 (1)

N (Gn;m;p ) = (1 + o(1))(1 � � )n for � > 1 and c > 1 (2)

N (Gn;m;p ) �
10

p
c

(1 � c)2

r
n
m

ln m for � < 1 and c < 1 (3)

N (Gn;m;p ) = (1 + o(1))(1 � � )
p

cmn for � < 1 and c > 1 (4)
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Figure 1: Evolution of the largest component for � = 0:25.

Furthermore we can prove that the order of the largest component for � < 1
2 and p

small enoughis approximately that of a single feature clique, seeSection5.1 for details.
As alreadyproven in [13] the "edgeprobability" p0 (meaningthe ratio betweenpresent

edgesand all possibleedges)in the random intersection graph is closely concentrated
around p2m. Thus the two results above show that for � > 1 the largest component in
the intersection graph exhibits a jump from logarithmic order to linear order at p0 = 1

n
which is similar to the Gn;p0 behaviour. This is alsothe moment at which in both models
the expecteddegreeof a vertex gets larger than 1.

For � < 1 the jump is still at the sameposition but N increasesonly by a polynomial
factor as is shown in Figure 1 for � = 0:25.

Additionally this �gure shows that the order of the largest component jumps from
approximately the size of a single feature clique (which is concentrated around pn, see
(12)) asa trivial lower bound to the order of the largestcomponent to approximately the
sum of the sizesof all feature cliques(which is for the samereasonsconcentrated around
pmn) which is an upper bound to N .

3 Branc hing pro cessesand auxiliary lemmas

In order to discover components in a graphwewill usebranching processes(for anoverview
of the topic of branching processesand for referencesto proofs see[1]) similar to the
proofs in Chapter 5 of [10]. We will explore the component by starting at a single ver-
tex, generatingits neighbors as descendants in a branching processand then the second
neighbourhood as their descendants and so forth.
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Let the random variable X with binomial distribution Bi(n; p) denotethe number of
descendants (neighbors) of an arbitrary vertex. The Galton-Watsonbranching processon
the variable X hasthe following properties (seeTheorem5.1 and Example 5.2 and 5.3 in
[10]).

1. If np n!1� � � ! c < 1 the branching processon X diesout a.a.s.

2. If np n!1� � � ! c > 1 the branching processdies out with probability � (c) where � (c) is
the unique solution of

� = exp(c(� � 1)) (5)

in the interval (0; 1).

Thusthe main complicationin the proof is to overcomethe limitations of the branching
processwhich deals with an essentially unbounded domain in contrast to the limited
number of vertices in the graph.

The discovery of neighbors is (in contrast to the processused in the Gn;p model) a
two step process.First we let the vertex discover its featuresand then the features�nd
the verticesthey are assignedto. The featuresand the verticesusedin each step will be
ignored in the further processwhich will slightly downsizethe universal feature set and
the vertex set. As we will seelater this deviation will not a�ect the ongoingprocessvery
much.

3.1 Auxiliary lemmas

The following estimatesare usedwithout proof:

(1 � a)b = (1 + o(1))(1 � ab) for 0 < a < 1; ab! 0 (6)

e� 2a � 1 � a � e� a for 0 � a �
1
2

(7)

Let X be a non-negative random variable with expectation � := E [X ] and variance
Var [X ]. As a special caseof Markov's inequality the �rst moment method states that

P[X � 1] � �: (8)

and the secondmoment method (special caseof Tschebysche� 's inequality) that

P[X = 0] � Var [X ]=� 2 =
E [X 2]

� 2
� 1: (9)

If X is a binomially distributed random variable (n trials, each with probability p), then
� = np and we shall use the following variants of Cherno� 's inequality (seeSection 2
in [10]):

P[X � � + t] � exp
�

�
t2

2(� + t=3)

�
for t � 0; (10)

P[X � � � t] � exp
�

�
t2

2�

�
for t � 0; (11)
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4 The evolution for � > 1

This sectioncontains the proof of the �rst two statements of Theorem 1. After giving a
sharpconcentration result on the number of featuresa singlevertex may have, we closely
resemble the branching processmethod usedin [10] to prove the results on the order of
the largest component.

4.1 The size of the feature set

In order to give preciseestimateson the number vertices which get discovered by the
branching processwe needsharp boundson the sizeof the feature set of a vertex.

Lemma 2. Let v be a �xed vertex in a random intersection graph Gn;m;p with pn = o(1)
and p2mn = �(1) . Furthermore let W 0 � W be a subsetof the universal feature set of
size at least m � 2pmn and X v := jWv \ W 0j denote the random variable counting the
number of featuresof v in W 0. Then X v is very likely closeto its expectation or precisely:

P
h
jX v � pmj > (pm)

3
4

i
� exp

 

�
(pm)

1
2

3

!

Proof. For the expectednumber of featuresselectedin W 0 we have � := E [X v] � p(m �
2pmn)) = pm � O(1) and � � pm.

Sincethe featuresareselectedindependently uniformly at randomwecanuseCherno�
inequalities (10) and (11) to bound the deviation from the expectedsize.

P
h
Y � pm + (pm)

3
4

i
� P

h
Y � � + (pm)

3
4

i

� exp

 

�
(pm)

3
2

2
�
� + (pm)

3
4 =3

�

!

� exp

 

�
(pm)

3
2

2
�
pm + (pm)

3
4 =3

�

!

�
1
2

exp
�

�
(pm)

1
2

3

�

And for the lower tail using (11):

P
h
Y � pm � (pm)

3
4

i
= P

h
Y � � + O(1) � (pm)

3
4

i

� exp

 

�

�
(pm)

3
4 � O(1)

� 2

2(pm � O(1))

!

�
1
2

exp
�

�
(pm)

1
2

3

�

Notice that thesecalculations(and thus the probability for the tails) remain valid even if
we remove no featuresat all.

From the two tails above we may easily concludethe statement of the lemma.
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4.2 Pro of of Theorem 1, (1) and (2)

Proof of (1). We prove that for c < 1 the branching processstarting at an arbitrary
vertex v discovering all the verticesoneby onewill �nish in at most 9 ln n

(1� c)2 steps.
From Lemma 2 we know that there is with high probability no large deviation from

the expected value in the sizeof a feature set. Our branching processstarting at v now
proceedsas follows. At �rst v discovers its features. If there are too many or too few of
them (in the senseof Lemma 2) we abort.

Otherwisewe let the featuresdiscover the verticeswhich hold them. Sincethe feature
set of v has size(1 + o(1))pm the probability for an individual vertex w to hold at least
one feature in this set is

P[f v; wg 2 E(Gn;m;p )] = 1 � (1 � p)(1+ o(1)) pm (6)
= (1 + o(1))p2m

and the neighbors of v will be chosen independently with this probability. Thus the
expectednumber of new neighbors discoveredwill be:

E [d(v)] � n(1 + o(1))p2m

Now we remove Wv (the feature set of v) from the universal feature set and continue
with discovering the featuresof the neighborsof v the sameway wediscoveredthe features
of v and soon. We do this at most n times (only n verticesavailable) thus the probability
that we will abort at any step becauseof the wrong size of the feature set is (due to
Lemma 2) boundedby

n exp

 

�
(pm)

1
2

3

!
n!1� � � ! 0:

Furthermore we did remove at most n(1 + o(1))pm < 2pmn featuresfrom the universal
feature set thus Lemma 2 was applicableall the time.

Observe that the probability that v is in a component of order at least k is bounded
by the probability that the sum of the degreesof k vertices discovered in the processis
at least k � 1. Sinceall featureswere discovered independent from earlier onesand thus
all verticeswerediscoveredin an independent manner, the probability for a component of
order at least k � 9 ln n

(1� c)2 can be boundedusinga Cherno� inequality again. Let Yi denote
the number of neighbors of the i th vertex discovered in the processand notice that the
expectedvalue for the sum over the Yi is boundedfrom above by (1 + o(1))kp2mn � kc0

for c0 := c+1
2 .

nP

"
kX

i =1

Yi � k � 1

#

= nP

"
kX

i =1

Yi � kc0+ (1 � c0)k � 1

#

� n exp
�

�
((1 � c0)k � 1)2

2(c0k + (1 � c0)k=3)

�

� n exp
�

�
(1 � c0)2

2
k
�

:
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Resubstituting c0 and k shows that this term tendsto 0 asn tendsto in�nit y which proves
by (8) the theorem.

For the appearanceof a giant component whenc > 1 wewill study the samebranching
processagain using the proof of Janson, Luczak and Ru�cinski [10].

Proof of (2). We start by proving that there is a.a.s.no component which hasmore than
k� := 50c

(c� 1)2 ln n or lessthan k+ := n2=3 vertices by proving the harder result that for

every k< k < k+ there are a.a.s. (c� 1)
2 k verticeswhich are to be examined(got discovered

as neighbors but were not examinedthemselves). To prove this we have to look at no
more than k + c� 1

2 k = c+1
2 k vertices.

Becauseof this weexcludein each stepat most c+1
2 k+ verticesfrom the further process.

Furthermore wedo still downsizethe universalfeaturesetonly for a very small amount for
each vertex which discovers its neighbors as in the proof of (1). This givesindependence
for all stepsof the branching processand thus onecan bound the number of neighbors a
vertex discovers from below by independent random variablesY �

i 2 Bi(n � c+1
2 k+ ; p02m)

with p0 such that p02mn = 3c+1
4 . The value for p0 results from the lower bound on the size

of feature set given by Lemma 2.
Now we can bound the probability of dying out after k stepsor having too few dis-

covered (but unexamined)verticesby the probability that

kX

i =1

Y �
i � k � 1 +

c � 1
2

k

Now the existenceof such a processcan be bound by Cherno� inequality (11) and we get

with � := E
hP k

i=1 Y �
i

i
= 3c+1

4 k � o(k) for k� � k � k+ and n large enough:

n
k+X

k= k �

P

"
kX

i =1

Y �
i � k � 1 +

c � 1
2

k

#

= n
k+X

k= k �

P

"
kX

i =1

Y �
i � � �

�
c � 1

4
k � o(k) + 1

� #

� n
k+X

k= k �

exp

 
�

�
c� 1

4 k � o(k) + 1
� 2

3c+1
2 k

!

� n
k+X

k= k �

exp

 
�

�
c� 1

4

� 2
k

3c

!

� nk+ exp

 
�

�
c� 1

4

� 2
k�

3c

!

Becauseof the valuesfor k� and k+ given at the beginningof the proof this tends to 0 as
n tends to in�nit y and thus by (8) there is a.a.s.no processstopping betweenk� and k+ .

If there exist two di�erent components T and U with jTj � k+ and jUj � k+ their sets
of featuresWT and WU have to be disjoint. According to Lemma 2 a.a.s.jWU j � k+

pm
2 .
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Thus the probability of disjointnessis:

(1 � p)k2
+

pm
2

(7)
� exp

�
� k2

+
p2m

2

�
= exp

�
� n

4
3

c
2n

�
n!1� � � ! 0

Now we have that there is a.a.s. only one component with at least k+ vertices, it
remains to show that it has linear order. Let Y , denote the number of vertices in com-
ponents of order at most k� . Let for each vertex i 2 V Yi be the indicator variable for
being in such a small component. We estimateexpectation and varianceof Y.

For a single vertex the probability of being in a small component can be bounded
from above and from below by the extinction probabilities of branching processeswith
distribution Bi(n � k� ; (1 � o(1))p2m) and Bi(n; (1 + o(1))p2m). The o(1) terms in the
two casesbound the possibledeviations in the sizeof feature sets accordingto Lemma
2. By (5) we know that the probability of extinction of these two processesis � which
results by linearity of expectation into E [Y] = � (c)n.

In order to prove the concentration of Y around its expectation, we calculate its
variance,or preciselyusing(9) we show that E [Y 2] = (1+ o(1))E [Y]2. Two verticesbeing
simultaneously in a small component is an event which occurs either if they are in the
samecomponent in that casethe probability canbeboundedby the extinction probability
for this component or they are in two components which meanstwo extinctions have to
occur independently.

E
�
Y 2

�
= E

2

4

 
nX

i =1

Yi

! 2
3

5 =
X

i;j

E [Yi Yj ]

� n� (np)k� + n� (np)n� ((n � k� )p)

= (1 + o(1))n2� (np)2 = (1 + o(1))E [Y ]2

By Tschebysche� 's inequality (9) we can concludethat the number of small vertices is
a.a.s.� (c)n hencethe largest component is of order (1 � � (c))n.

One further consequenceof this proof is that for � > 1 and c > 1 we can bound the
order of the secondlargest component by 50c

(c� 1)2 ln n.

5 The evolution for � < 1

If we have an small upper bound for the number of vertices two feature cliqueshave in
common we can simply add the clique sizes(provided we know they are connected)in
order to estimatethe component order. This bound is the content of the following lemma.

Lemma 3. Let Y be the random variable counting the number of vertices having more
than one feature in a random intersection graph Gn;m;p with m := n� and � < 1. Then
for p2m2n � ln n:

P
�
Y > 2p2m2n

� n!1� � � ! 0
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and for p2m2n n!1� � � ! 0:
P[Y > 0] n!1� � � ! 0

Proof. For a single�xed vertex v the probability of having morethan onefeature is (when
pm ! 0):

P[jWv j > 1] = 1 � (1 � p)m � (mp(1 � p)m� 1 (6)
= (1 + o(1))m2p2:

Sinceall vertices choosetheir featuresindependently Y is a binomially distributed vari-
able with expectation nm2p2 and the secondstatement of the lemma follows by Markov
inequality. For the �rst statement we can bound the deviation using Cherno� inequality
(10).

P
�
Y > 2p2m2n

�
� P[Y > 2E [Y]] � exp

�
�

3nm2p2

8

�
n!1� � � ! 0:

Now we can start proving the component evolution for � < 1.

Proof of (3). In order to reusethe results of Section 4 we interchange the role of the
featureset and the vertex set and look at the largestcomponent in the featureset instead
of one in the vertex set. As we know from Theorem (1) there will be no component
containing morethan 9

(1� c)2 ln m features. Exploiting againthe symmetry betweenfeature
set and vertex set, we can useLemma 2 to deducethat for every feature w

Vw = (1 + o(1))pn (12)

with probability at least 1 � m exp(� (pn)1=2=3 = 1 � o(1)). We can concludethat the
order of the largest component is a.a.s.boundedby

9
(1 � c)2

ln m � (1 + o(1))pn �
10

p
c

(1 � c)2

r
n
m

ln m:

Proof of (4). We use the same method as in the last proof. With exactly the same
argument we already have a.a.s.an upper bound for the order of the largest component
of

(1 � � (c))m � (1 + o(1))pn � (1 + o(1))
p

c(1 � � (c))
p

mn:

The lower bound can be achieved becausethe order of the component can be bound by
the sum over the sizesof all cliquesminus the number of vertices which occur in more
than one clique multiplied with the multiplicit y they occur. Or more precise(with WL

denoting the set of features in the giant component in W and VL denoting the vertices
linked to it):

jVL j =
X

w2 WL

jVw j �
X

v2 VL ;jWv j> 1

(jWv j � 1)

� (1 � � (c))m(1 + o(1))pn �
X

v2 VL ;jWv j> 1

max
v2 V

fj Wv jg
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The probability for the existenceof a vertex with more than ln m featuresis boundedby
n(pm) ln m which tends to 0 for our choiceof p. Furthermore we know from Lemma3 that
there are at most 2p2m2n = 2cm verticeswith more than onefeature. Therefore

jVL j � (1 � � (c))m(1 + o(1))pn � 2cmln m

= (1 + o(1))(1 � � (c))
p

cmn � 2cmln m

= (1 + o(1))(1 � � (c))
p

cmn:

As a direct consequenceof this bound and the remark after the proof of (2) we have
that for � < 1 and c > 1 we can bound the order of the secondlargest component by

51c
(c� 1)2 ln mpn = 51c

p
c

(c� 1)2

p n
m ln m.

5.1 Feature cliques as comp onents

Similar to the evolution of Gn;p , which has lots of isolatedverticesfor very small p, there
are stagesof the evolution of Gn;m;p where the feature cliques do not intersect. The
component structure of Gn;m;p is very uncomplexthen.

Prop osition 4. Let Gn;m;p be a random intersection graph with m := n� and � < 1
2 and

ln n � pn �
p

n
m . Then a.a.s. there are m componentswhich are (feature) cliquesand the

rest of the graph consistsof isolated verticesand thus a.a.s. N (Gn;m;p ) = (1 + o(1))pn.

Proof. The statement follows directly from Lemma 3 and (12) becauseif there are no
verticeswith morethan onefeaturethereareonly isolatedverticesand featurecliques.

6 Exp erimen ts

We tested our result on an instanceof a completeedge{weighted real world network on
5119vertices. Hereparts of proteins serve asverticesand the edge-weight describestheir
spatial similarity. If we look at the subgraph of this graph containing all edgeswith
weight greaterthan a �xed values (wheregreateredgeweights indicate higher similarity)
we can simulate an evolution of this network by gradually decreasings. Thus �rst the
highly analogueparts get connectedand bit by bit also the lesssimilar onesconnect to
the components.

The evolution found this way di�ers signi�cantly from a graph in which the same
weights are distributed uniformly at random amongthe edges(seeFigure 2).

The most striking di�erence is the slow growth of the largest component in the stages
after it has only very few vertices (minimum edgeweight between40 and 60). A similar
behaviour cannot be modelled using standard random graphswhereN is either logarith-
mic or linear in the number of vertices. As onecanseein Figure 2 the randomintersection
graph resembles this steadyaggregationof verticesto the largest component very well.
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Figure 2: Evolution of the largest component in the protein graph.
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