Conbinatorial Interpretationsfor Rank-Two Cluster
Algebrasof Ane Type

GreggMusiker

Department of Mathematics
University of California, San Diego
La Jolla, CA 92093-0112
gmusiker@math.ucsd.edu

JamesPropp

Department of Mathematical Sciences
University of Massatwusetts Lowell
Lowell, MA 01854
propp@jamespropp.org.igno reth is

Submitted: Feb 20, 2006; Accepted: Jan 11, 2007; Published: Jan 19, 2007
Mathematics Subject Classi cation: 05A99, 05C70

Abstract

Fomin and Zelevinsky [6] shaw that a certain two-parameter family of rational
recurrencerelations, herecalledthe (b;c) family, possessethe Laurentnessproperty:
for all b;c, ead term of the (b;c) sequencecan be expressedas a Laurent polyno-
mial in the two initial terms. In the casewhere the positive integers b;c satisfy
bc< 4, the recurrenceis related to the root systemsof nite-dimensional rank 2 Lie
algebras;when bc> 4, the recurrenceis related to Kac-Moody rank 2 Lie algebras
of generaltype [9]. Here we investigate the borderline casesbc= 4, corresponding
to Kac-Moody Lie algebrasof ane type. In these cases,we shov that the Lau-
rent polynomials arising from the recurencecan be viewed as generating functions
that enumerate the perfect matchings of certain graphs. By providing combinato-
rial interpretations of the individual coe cien ts of these Laurent polynomials, we
establish their positivity.

1 Intro duction
In [5, 6], Fomin and Zelevinsky prove that for all positive integersb and c, the sequence
of rational functions x,, (n 0) satisfying the \( b;c)-recurrence”

(x2 ,+ 1)=x, », forn odd

Xn =
A (X& 1+ 1)=x, » fornewen
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is a sequenceof Laurert polynomial in the variablesx; and x,; that is, foralln 2, x,
can be written as a sum of Laurert monomialsof the form ax;x),, where the coe cien't
a is an integerand i and j are (not necessarilypositive) integers. In fact, Fomin and
Zelevinsky conjecturethat the coe cien ts are always positive integers.

It is worth mertioning that variants of this recurrencetypically leadto rational func-
tions that are not Laurent polynomials. For instance, if one initializes with x;; X, and
de nes rational functions

8
3 (X2 [+ 1)=x, , forn=
_ (Xg 1+ 1)=x, 2 forn
T3 (x4 4+ 1)=x, » forn
(X 1+ 1)=x, o forn=

I
ga b ownN

Xn

with b;c;d;eall integerslargerthan 1, then it appearsthat xs is not a Laurent polynomial
(in x; and x;) unlessb = d and that Xg is not a Laurent polynomial unlessb = d and
c = e. (This hasbeenchedked by computerin the caseswhereb;c;d; e are all between?2
and5.)

One reasonfor studying (b;c)-recurrencesis their relationship with root systemsas-
scciated to rank two Kac-Moody Lie algebras. Furthermore, algebrasgeneratedby a
sequenceof elemerts satisfying a (b;c)-recurrenceprovide examplesof rank two cluster
algebras,asde ned in [6, 7] by Fomin and Zelevinsky The property of being a sequence
of Laurent polynomials, Laurentness is in fact proven for all cluster algebras[6] as well
as a classof examplesgoing beyond cluster algebras[5]. In this context, the positivity of
the coe cien ts is no mere curiosity, but is related to important (albeit still conjectural)
total-p ositivity properties of dual canonicalbaseg[13].

The casesbc < 4 correspnd to nite-dimensional Lie algebras(that is, semisimple
Lie algebras),and thesecaseshave beentreated in great detail by Fomin and Zelevinsky
[6, 12]. For example, the cases(1;1), (1;2), and (1;3) correspnd respectively to the
Lie algebrasA,, B,, and G,. In thesecasesthe sequenceof Laurent polynomials x,, is
periodic. More speci cally, the sequenceepeats with period 5 when (b;c) = (1; 1), with
period 6 when (b;c) = (1;2) or (2;1), and with period 8 when (b;c) = (1;3) or (3;1). For
eadt of thesecasespne can chek that ead x,, has positive integer coe cien ts.

Very little is known about the casesbc> 4, which should correspnd to Kac-Moody
Lie algebrasof generaltype. It canbe shavn that for thesecasesthe sequencef Laurent
polynomials x,, is non-periodic.

This article gives a conbinatorial approad to the intermediate cases(2;2), (1;4)
and (4;1), correspnding to Kac-Moody Lie algebrasof a ne type; specically algebras
of types A(ll) and A(zz). Work of Shermanand Zelevinsky [12] has also focusedon the
rank two a ne case. In fact, they are able to prove positivity of the (2;2)-, (1;4)- and
(4;1)-casesaswell asa completedescription of the positive cone. They prove both cases
simultaneously by utilizing a more generalrecurrencewhich specializesto either case.By
using Newton polygons, root systemsand algebraic methods analogousto those usedin
the nite type casg[7], they areableto constructthe dual canonicalbasedor thesecluster
algebrasexplicitly.

the electr onic journal of combinatorics 14 (2007), #R15 2



Our method is intended as a complemen to the purely algebraicmethod of Sherman
and Zelevinsky[12]. In eadt of the caseq2; 2), (1;4) and (4; 1) we shaw that the positivity
conjecture of Fomin and Zelevinsky is true by providing (and proving) a combinatorial
interpretation of all the coe cien ts of x,,. That is, we shaw that the coe cient of x}x),
in X, is actually the cardinality of a certain set of combinatorial objects, namely, the
set of those perfect matchings of a particular graph that contain a speci ed number of
\ X;-edges"and a speci ed number of \ x,-edges". This combinatorial descriptionprovides
a di erent way of understandingthe cluster variables, one where the binomial exdange
relations are visible geometrically

The readermay already have guessedhat the caseq1;4) and (4; 1) are closelyrelated.
One way to think about this relationship is to obsene that the formulas

Xn = (X2 |+ 1)=x, » for n odd

and
Xn = (X; 1+ 1)=X, » for n even

can be re-written as
Xn 2= (X2 |+ 1)=x, for n odd

and
Xn 2= (X; 1+ 1)=x, for n even;

thesegive us a canonicalway of recursiwely de ning rational functions x,, with n < 0, and
indeed, it is not hard to showv that

X9 (x1;%5) = X% (xp:%1) for n2 z: (1)

Sothe (4; 1) sequenceof Laurent polynomialscan be obtained from the (1; 4) sequencef
Laurent polynomials by running the recurrencein reverseand switching the roles of x;
and x,. Henceforthwe will not considerthe (4; 1) recurrence;instead, we will study the
(1; 4) recurrenceand examinex, for all integervaluesof n, the negative togetherwith the
positive.

Our approad to the (1;4) casewill be the sameasour approadt to the simpler (2; 2)
case:in both caseswe will utilize perfect matchings of graphsasstudiedin [2, 10, 11, et
al.].

De nition 1. For a graph G = (V; E), which has an assignmenh of weights w(e) to its
edgese 2 E, a perfect matching of G is a subsetS E of the edgesof G sud that ead
vertexv 2 V belongsto exactly oneedgein S. We de ne the weight of a perfect matching
S to be the product of the weights of its constituert edges,

Y
w(S) = w(e):

e2S
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With this de nition in mind, the main result of this paper is the construction of a
family of graphsfG,g indexedby n 2 Z nf1;2g with weights on their edgessud that
the terms of the (2;2)- (resp. (1;4)-) recurrence,Xx,, satisfy X, = pn(X1; X2)=mn(X1; X2);
where p,(X1; X2) is the polynomial

X
w(S);

S E is a perfect matching of Gy

and m, is the monomial x{*x5? wherec; and c, characterizethe 2-sleleton of G,,. These
constructionsappear as Theorem1 and Theorem4 in sections2 and 3, for the (2; 2)- and
(1; 4)- casesrespectively.

Thus pn(X1;X2) may be considereda two-variable generatingfunction for the perfect
matchings of G,,, and x,,(X1; X2) may be considereda generatingfunction aswell, with a
slightly di erent de nition of the weight that includes\global" factors (assaiated with
the structure of G,)) aswell as\lo cal" factors (assaiated with the edgesof a particular
perfect matching). We note that the families G, with n > 0 and G, with n < 0 given
in this paper are just one possiblepair of families of graphswith the property that the
Xn(X1; X2)'s sene astheir generatingfunctions.

The plan of this article is asfollows. In Section2, we treat the case(2; 2); it is simpler
than (1;4), and makes a good warm-up. In Section 3, we treat the case(1;4) (which
subsumeghe case(4; 1), sincewe allow n to be negativwe). Section4 givescommers and
open problemsarising from this work.

2 The (2;2) case

Here we study the sequenceof Laurent polynomials X1;X2;X3 = (X3 + 1)=xy; etc. If
we let Xx; = X, = 1, then the rst few terms of sequencef x,(1;1)g for n 3 are
2;5,13,34,89;:::. It is not too hard to guessthat this sequenceconsistsof every other
Fibonaccinumber (and indeedthis fact follows readily from Lemma 1 given on the next
page).

Foralln 1,let H, bethe (edge-veighted) graph shavn below for the casen = 6.

The graph Gs = He.

That is, H, is a 2-by-n grid in which ewery vertical edgehasbeenassignedweight 1 and
the horizortal edgesalternate betweenweight x, and weight x;, with the two leftmost
horizontal edgeshaving weigh x,, the two horizontal edgesadjoining them having weigh
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X1, the two horizontal edgesadjoining them having weigh x,, and so on (ending at the
right with two edgesof weight x, whenn is even and with two edgesof weight x; when
n is odd). Let G, = Hj, 4 (so that for example the above picture shonvs Gs), and
let pn(X1;X2) be the sum of the weights of all the perfect matchings of G,. Also let
My (X1;X2) = X7 2x5 3forn 3. We note the following combinatorial interpretation
of this monomial: m,(Xy;x,) = xilx‘2 wherei is the number of squarecells of G,, with
horizortal edgeshaving weight x, and j is the number of square cells with horizontal
edgeshaving weight x;. Using thesede nitions we obtain

Theorem 1. For the case(b;c) = (2;2), the Laurent polynomials x,, satisfy
Xn(X1;X2) = pn(X1; X2)=m,(X1;X,) forn 6 1;2
wheee p, and m, are given combinatorially asin the preceding paragraph.

E.g., for n = 3, the graph G3 = H, hastwo perfect matchings with respective weights
x5 and 1, so X3(X1;X2) = (X3 + 1)=x;. For n = 4, the graph G, = Hy has v e perfect
matchings with respective weights x3, x3, x3, 1, and x3, sops(X1; X2) = 1+ 2x3+ X3+ XZ;
since My(X1;X2) = X3Xo, We have pa(X1;X2)=my(X1;X2) = (X3 + 2X3 + 1+ x3)=x2x,, as
required.

Proof. We will have proved the claim if we can show that the Laurent polynomials
Pn(X1; X2)=my(X1; X2) satisfy the samequadratic recurrenceas the Laurent polynomials
Xn(X1; X2); that is,

Pa(X1,X2) Pn 2(X1;X2) _  Pn 1(X1;X2)
Mp (X1;X2) Mp 2(X1; X2) My 1(X1;X2)

2
+ 1 (2)

Prop osition 1. The polynomials p,(X1; X2) satisfy the recurrence
Pr(X1;X2)Pn 2(X15%2) = (Pn 1(X1;X2))% + X" °x3" B forn & 3)

Proof. To prove (3) we let ¢,(X1;X,) be the sum of the weights of the perfect matchings
of the graph H,,, sothat p,(X1;X2) = Gn 4(X1;X2) for n 3. Ead perfect matching of
H, is either a perfect matching of H, ; with an extra vertical edgeat the right (of weigh
1) or a perfect matching of H, , with two extra horizontal edgesat the right (of weight
X1 or weight X,, accordingto whether n is odd or even, respectively). We thus have

bn = Cn 1t ngzn 2 (4)
q2n 1 = q2n 2 + Xian 3 (5)
q2n 2 = q2n 3 + X%an 4: (6)

Solvingthe rst andthird equationsfor ¢, 1 and @, 3, respectively, and substituting the
resulting expressionsnto the secondequation,we get (Cpn ~ X3Cpn 2) = CGon 2+ X2(Cpn 2
X3Cpn 4) OF Gon = (X2+ X3+ 1)y 2 X3X5pn 4, SOthat we obtain

the electr onic journal of combinatorics 14 (2007), #R15 5



Lemma 1.
Pns1 = (Xi'*' X% + 1)pn X%X%pn 1 (7)
It is easyenoughto verify that
2
Psps = (x5 + 1°+ x§+ 25(x5+ 1) (x53+1)= (x3+ 1+ x2  +xix5= p; + X7X5
sofor induction we assumethat

Pn 1Pn 3= P2 o+ X3" 83" Oforn 5 (8)

Using Lemma 1 and (8) we are able to verify that polynomials p, satisfy the quadratic
recurrencerelation (3):

PnPn 2=

(Xi"' X%"’ 1pn 1Pn 2 Xixgpﬁ 2=

T+ X5+ 1pn 1Pn 2 XPXE(Pn 1P 5 X5 G 1) =
P 2((XT+ X5+ Dpn 2 xPX3pn 8) + x5 03" B = pk o+ xEN O3 %

O

Sincem, (x1;%2) = x] 2x5 2 we have that recurrence(2) reducesto recurrence(3) of
Proposition 1. Thusp,(X1; X2)=m,(X1; X») satisfy the sameinitial conditionsand recursion
asthe x,'s, and we have proven Theorem1 . O

An explicit formula hasrecenly beenfound for the x,,(X1; X2)'s by Calderoand Zelevin-
sky using the geometry of quiver represerations:

Theorem 2. [4, Theorem 4.1], [14, Theorem 2.2]

n+1 r n (¢

X o= Xin? + AR L S A ©)
g+r n q
n r n+1
Xnsa = Xg2 + CTdE i (o)
g+r n q
foralln O.

They also presen expressiongEquations (5.16) of [4]) for the X,'s in terms of Fi-
bonaccipolynomials, asde ned in [8], which can easily seento be equivalert to the com-
binatorial interpretation of Theorem 1. Subsequetty, Zelevinsky has obtained a short
elememary proof of thesetwo results [14].
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2.1 Direct combinatorial pro of of Theorem 2

Here we provide yet a third proof of Theorem2: instead of using induction asin Zelevin-
sky's elemetary proof, we usea direct bijection. This proof wasfound after Zelevinsky's
result cameto our attention. First we make precisethe connectionbetweenthe combina-
torial interpretation of [4] and our own.

Lemma 2. The numker of waysto chaose a perfect matching of H,, with 2q horizontal
edgeslaltelaed x, and 2r horizontal edgeslakeled x; is the numker of waysto chmse a
subsetS f1;2;:::;m 1g suchthat S contains q odd elements,r evenelements,and
no conse&utive elements.

Notice that in the casem = 2n + 2, this number is the coe cient of x> " x3% " in

Xn+3 (for n 0), and whenm = 2n + 1, this number is the coe cient of x¥ "x3* " in

Sn, asde ned in [4, 12, 14].

Proof. There is a bijection between perfect matchings of H,, and subsetsS f1;2;:::;
m 1g, with no two elemeits consecutie. We label the top row of edgesof H,, from 1 to
m 1 and map a horizortal edgein the top row to the label of that edge. Sincehorizortal
edgescomein parallel pairs and span preciselytwo vertices, we have an inversemap as
well. O

With this formulation we now prove

Theorem 3. The numker of waysto chase a subsetS  f1;2;:::;Ng suchthat S
contains g odd elements,r evenelements,and no conseutive elementsis

n+1 r n q

if N=2n+ 1 and

if N = 2n.

Proof. List the parts of S in order of sizeand reducethe smallestby 0, the next smallest
by 2, the next smallestby 4, and so on (so that the largest number gets reduced by
2(g+r 1)).

This will yield a multiset consistingof q not necessarilydistinct odd numbers between
land2n+1 2(q+r 1)=2n q r+ 1)+ 1if N =2n+ 1, and betweenl and
20 g r+ 1)if N = 2n, aswell asr not necessarilydistinct even numbers betweenl
and2(n q r + 1), regardlessof whetherN is 2n + 1 or 2n.

Conversely every suc multiset, whenyou apply the bijection in reverse,you get a set
consistingof godd numbersandr evennumbersin f1;2;:::;2ng (resp.f1;2;:::;2n+ 1g),
no two of which di er by lessthan 2.
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The number of such multisets is clearly " qq”l "9 inthe rst caseand

. qq”z " "*1 " in the secondcase(since2n + 1 is an additional odd number),
where } =\ nmultichoosek”= ""¢ ' . Since " 9 narto=on o
resp. " 9" narto= T "9 the claim follows. O

Once we know this interpretation for the coe cien ts of x,+3 (S,), we obtain a proof
of the formula for the ertire sum,i.e. Theorem2 and Theorem5.2 of [4] (Theorem 2.2 of
[14]).

It is worth remarking that the extra terms x"*? and x3"*? in Theorem 2 correspnd
to the extremecasein which one'ssubsetof f 1; 2;:::; N g consistsof all the odd numbers
in that range.

2.2 Bijectiv e proof of Lemma 1

The recurrenceof Lemma 1 can also be proven bijectively by computing in two di erent
ways the sum of the weights of the perfect matchings of the graph G, t Hjz (the disjoint
union of G, and Hjs, which has all the vertices and edgesof graphs G, and H; and no
identi cations). We provide this proof sincethis method will be usedlater onin the (1;4)
case.

On the one hand, the sum of the weights of the perfect matchings of G, is the poly-
nomial p, and the sum of the weighs of the perfect matchings of Hs is x2 + x3 + 1, so
the sum of the weights of the perfect matchings of G, t Hs is (x? + x5 + 1)p,.

X, Xy X, X, X, Xy X,

X2 Xl X2 Xl X2 Xl X2
The sum of the weights of all perfect matchings of Gst Hj is (X2 + x3 + 1)ps:

On the other hand, obsene that the graph G,.; can be obtained from G, t Hj;
by idertifying the rightmost vertical edgeof G, with the leftmost vertical edgeof Hs.
Furthermore, there is a weight-preservingbijection betweenthe set of perfect matchings
of the graph G,,+; and the setof perfect matchings of G, t Hjz that do not simultaneously
corntain the two rightmost horizontal edgesof G, and the two leftmost horizontal edges
of H3 (a setthat can also be descrited as the set of perfect matchings of G, t Hj that
contain either the rightmost vertical edgeof G, or the leftmost vertical edgeof H3 or
both). It is slightly easierto descrike the inversebijection !: given a perfect matching
of G, t Hjz that cortains either the rightmost vertical edgeof G,, or the leftmost vertical
edgeof H; or both, view the matching asa set of edgesand pushit forward by the gluing

the electr onic journal of combinatorics 14 (2007), #R15 8



map from G, t H; to G,+1. We obtain a multiset of edgesof G,,+; that cortains either 1
or 2 copiesof the third vertical edgefrom the right, and then delete 1 copy of this edge,
obtaining a set of edgesthat cortains either O or 1 copiesof that edge. It is not hard to
seethat this set of edgesis a perfect matching of G,.,, and that ewery perfect matching
of G,+; arisesfrom this operation in a unique fashion. Furthermore, sincethe vertical
edgethat we have deletedhasweight 1, the operation is weigh-preserving.

The perfectmatchingsof G,t Hjs that are not in the rangeof the bijection arethose
that consistof a perfect matching of G, that cortains the two rightmost horizortal edges
of G, and a perfect matching of H; that cortains the two leftmost horizontal edgesof
Hs;. Remoing theseedgesyields a perfect matching of G, ; and a perfect matching of
H;. Moreover, every pair consistingof a perfectmatching of G,, ; and a perfectmatching
of H; occursin this fashion. Sincethe four removed edgeshave weights that multiply to
x2x3, and H; hasjust a single matching (of weigh 1), we seethat the perfect matchings
excludedfrom have total weight x2x3p, 1 [3, c.f.].

Remark 1. We can also give a bijective proof of the quadratic recurrencerelation (3)
by using a techngiue known as graphical condensationwhich was deweloped by Eric Kuo
[10]. He even givesthe unweighted version of this examplein his write-up.

Remark 2. As we showved via equation (1), there is a reciprocity that allows usto relate
the cluster algebrasfor the (b;c)- and (c;b)-casesby running the recurrencebadkwards.
For the (2; 2)-case,b = ¢ sowe do not get anything new when we run it badkwards; we
only switch the rolesof x; and x,. This reciprocity is a special caseof the reciprocity that
occursnot just for 2-by-n grid graphs, but more generallyin the problem of erumerating
(not necessarilyperfect) matchings of m-by-n grid graphs,asseenin [1] and [11]. For the
(1; 4)-case,we will alsoencourer a type of reciprocity.

Remark 3. We have seenthat the sequencef polynomialsq,(X1; X,) satis es the relation

2n 6

— 2
n 4Cn 8= Gy 6+X1

It is worth mertioning that the odd-indexedterms of the sequencesatisfy an analogous
relation

2n 8.
X5 .

2n 6

GBn 3kn 7= qgn 5 X1
This relation can be proven via Theorem 2.3 of [10]. In fact the sequenceof Laurent
polynomials f tpn+1 =X7X5 : N 0Og are the collection of elemeits of the semicanoncial
basiswhich are not cluster monomials,i.e. not of the form xPx{,, for p;q 0. These
aredenotedass, in [4] and [14] and are de ned as S, (s;) whereS,(x) is the normalized
Chebyshev polynomial of the secondkind, S,(x=2), and s; = (X2 + X3 + 1)=x;X,. We
are thankful to Andrei Zelevinskyfor alerting us to this fact. We descrite an analogous
combinatorial interpretation for the s,'s in the (1;4)-casein subsection3.4.

2n 8.
X5 .

3 The (1;4) case

In this casewe let
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Xp 1+ 1
X, = —~ == for n odd
Xn 2

4

X + 1

=2"1 = fornewn
Xn 2

forn 3.If welet x; = X, = 1, the rst fewtermsof fx,(1;1)gforn 3 are:
2;17,9; 386 43,8857 206 20321, 987; 466752; 4729; : : -

Splitting this sequencento two increasingsubsequencesye getforn  1:

Xons1 = @y = 2:9:43 206 987 4729 (11)
Xonsz = b = 17 386 8857 2033214667522 (12)

Furthermore, we canrun the recurrencebadkwards and cortin ue the sequencdor negative
valuesof n:

:1:;3869;17,2;1;1;2;3;41; 14,937 67, 21506 321, 493®7, 1538 1133321, 7369: : :
whosenegative terms split into two increasingsubsequenceffor n 1)

X ame2 = Cn = 2,41 937 2150649369711333%1 (13)
3;14; 67; 321; 1538 7369 (14)

X on41 = Oy

As in the (2;2)-case,it turns out that this sequencd x,(1;1)g (respectively fx,g) has
a conbinatorial interpretation asthe number (sum of the weights) of perfect matchings
in a sequenceof graphs. We prove that these graphs, which we again denote as G,,

have the x,'s as their generating functions in the later subsections. We rst give the

unweighted version of thesegraphswheregraph G, cortains x,(1; 1) perfect matchings.
We descrike how to assignweights to yield the appropriate Laurent polynomials x,, in

the next subsection,deferring proof of correctnesauntil the ensuingtwo subsections.The

proof of two recurrencesijn sections3.2and 3.3, will concludethe proof of Theorem4. The

nal subsectionprovidesa comnbinatorial interpretation for elemeits of the semicanonical
basisthat are distinct from cluster monomials.

De nition 2. We will have four types of graphs G,, one for eat of the above four
sequenceqi.e. for a,, b, ¢,, and d,). Graphsin all four families are built up from
squares(consisting of two horizortal and two vertical edges)and octagons(consisting of
two horizontal, two vertical, and four diagonal edges),along with someextra arcs. We
descrike eat family of graphsby type.

Firstly, Gz (a;) is a single square,and Gs (a;) is an octagon surrounded by three
squares.While the oriertation of this graph will not a ect the number of perfect match-
ings, for corvenienceof describingthe rest of the sequenceG,,+3, we assumethe three
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squaresof Gg are attached along the eastern,southern, and westernedgesof the octagon
and iderntify Gz with the easternsquare.For n 3 the graph asseiated to an+1, Gan+3,
can be inductively built from the graph for a,, G,n+1 by attaching a complex consisting
of oneoctagonwith two squaresattached at its westernedgeand northern/southern edge
(depending on parity). We attach this complexto the western edgeof G,,+;, and ad-
ditionally adjoin one arc betweenthe northeast (resp. southeast)corner of the southern
(resp. northern) squareof G,y+3 N Gon+1 and the southeast(resp. northeast) corner of
the northern (resp. southern) squareof Gon+1 NGy 1.

We caninductively build up the sequencef graphscorrespndingto the d,'s, G 2, 1,
analogously Here G ;, consistsof a single octagon with a single squareattached along
its northern edge. We attach the samecomplex (one octagon and two squares)except
this time we orient it sothat the squaresare along the northern/southern and eastern
edgesof the octagon. We then attach the complexsothat the easternsquareattachesto
G .n+1. Lastly we adjoin one arc betweenthe northwest (resp. southwesf) corner of the
southern(resp. northern) squareof G ,, 1nG 5,41 and the southwest (resp. northwest)
corner of the northern (resp. southern) squareof G 541 NG 43

The graph correspnding to by, G4, is one octagon surroundedby four squareswhile
the graph correspnding to c¢;, Gy, consistsof a single octagon. As in the caseof a, or
dn, for n 1, the graphsfor bh+1 (Gon+s) and c,11 (G ,,) are constructedfrom b, and
C, (resp.), but this time we add a complexof an octagon, two squaresand an arc on both
sides Note that this givesthesegraphssymmetry with respect to rotation by 180 .

The graphsG,n4+2 (k) consistof a structure of octagonsand squaressud that there
are squareson the two ends,four squaresaround the certer octagon, and additional arcs
shifted towards the certer (the verticesjoined by an arc lie on the vertical edgesclosest
to the certral octagon). On the other hand, the graphsG ,,+» (c,) have a structure of
octagonsand squaressuc that the certral and two end octagonshave only two squares
surrounding them, and the additional arcs are shifted towards the outside.

For the reader's corveniencewe illustrate thesegraphsfor small n. In our pictures,
the extra arcsare curved, and the other edgesare line segmets. It should be noted that
all thesegraphsare planar, eventhough it is more corvenient to draw them in sud a way
that the (curved) extra arcscrossthe other (straight) edges.
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n x,(1,1) Type
8 493697 Cs
7 321 ds
6 21506 Cs
5 67 ds
4 937 C3
3 14 d,
2 41 C
1 3 d;
0 2 C
1 1 X1
2 1 X2

the electr onic journal

of combinatorics 14 (2007), #R15

12



10

11

12

13

the electr

17

386

43

8857

206

203321

987

4667522

4729

onic journal

a

« RO

of combinatorics 14 (2007), #R15 13



Remark 4. As descrited above, the sequencef graphscorrespndingto the a,'s and the
dn's can both be built up inductively. In fact, if oneassumeghat the graphsasseiated
with d, are \negative" then one can even construct a; from d; by \adding" two squares
and an octagon. The negative squareand octagon cancelswith the positive squareand
octagon, leaving only a squarefor the graph of a;. (When we construct the graph asso-
ciated to a, from the graph for a;, we do not add an arc asin the n 2 case. Similarly,
we omit an extra arc when we construct the graph for a; from the graph for d;. We do
not have a \principled" explanation for these exceptions,but we do note that in these
two casesthe graph is su cien tly small that there are no candidate verticesto connect
by sud an arc.)

Comparing graphswith equalnumbersof octagons,we nd a nice reciprocity between
the graph for x,n43 and the graph for x ,,41 for n 1. Namely the two graphs are
isomorphic (up to horizortal and vertical re ection) exceptfor the fact that the graph
Ganh+3 cortains two squareson the left and right endswhile graph G 5,1 lacks these
squares.Notice that graph G3 lies outside this pattern sinceit cortains no octagonsand
instead cortains a single square.

Studying the other typesof graphs,i.e. thosecorrespnding to b, and c,, we seethat
in ead pair of graphscortaining the samenumber of octagons,there is a nice reciprocity
betweenthe two. (Comparethe de nitions of the graphsassaiated to the h,'s with those
asseiated to the ¢,'s.) Thesetwo reciprocal relationshipsreduceinto one,i.e. G , and
Gnh+4 are reciprocal graphs for all integersn 0. Recall that a reciprocity also exists
(betweengraphsG ,, and G,.3) for the (2,2) case soperhapsthesereciprocities are signs
of a more generalphenomenon.

3.1 Weighted versions of the graphs

We now turn to the analysisof the sequenceof Laurent polynomials x,(X1; X2), and give
the graphsG, weiglts on the various edges.In this case,the denominatordependson the
number of facesin the graph, ignoring extra arcs. The exponert of x; in the denominator
will equal the number of squareswhile the exponert of x, will equal the number of

octagons. Becauseof this interpretation, for n 6 1 or 2 we will rewrite x, as -2nx1x2)
Xy Xy

where sg(n) and oct(n) are both nonnegatie integers. By the description of graphs G,,,
we nd

jn 1 1 forn odd

sqn) = j2n 2) 2 fornewen (15)
_ i3 1 3 forn odd
oct(n) = jin 2j 1 fornewen (16)

To construct theseweighted graphs, we take the graphs G,, and assignweighs sud
that eat of the squareshas one edge of weight x, and three edgesof weight 1 while
the octagonshave weights alternating betweenx; and 1. As an example, considerthe
following close-upof the graph assaiated to Xo.
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The graph assaiated to Xo.

The vertical and horizontal edgescoloredin greenare given weigh x,, and the diagonal
edgesmarked in red are given weight x;. All other edgesare given weight 1. Notice that

the vertical edgesweighed X, lie furthest away from the arcs and the horizontal edges
weighted x, alternate betweentop and bottom, starting with bottom on the righthand

side.

Table of x,, for small n:

3 (x2+1) 3+2x3+3x4x2+ x8
3y 2
X1X3
2 (x2+1) #+3x3+8 x4 x2+6 xFx3+3 x§+4 x8x o+ x12
73
X1X2
4
1 (x2+1)+ X7
X1X2
4
0 x7+1
X2
1 X1
2 X2
3 Xo+1
X1
4 (x2+1) 4+ x%
X1X2
5 (x2+1) 3+ x?
x3X2
6 (x2+1) 8+3x3+16 xTx2+34 xTx3+36 xTx3+19xTx3+4 x$x3+3 x8+8 x8x,+6 x§x3+ x12
x8x3
172
7 (x2+1) 5+2x3+5 xFx2+3 x§x3+ x$
52
X1X3
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We now wish to prove the following.

Theorem 4. For the case(b;c) = (1;4), the Laurent polynomials x,, satisfy
Xn(X1;X2) = Pn(X1;X2)=Mn(X1;X2) for n 6 1;2

whee p, is the weightel sum over all perfect matchingsin G, givenin de nition 2, with
weightingas in the preceding paragraph; and m, = x3*"x3*™ with sg(n) given by (15)
and oct(n) given by (16).

In the above table, we seethat Theorem4 is true for small valuesof n, thusit su ces
to prove that p,(X1; X2)=X%"x3™ satis es the sameperiodic quadratic recurrencesas
Laurent polynomialsx,. By the de nition of m,(X1;X>), it su ces to verify the following
two recurrences:

_ jan+2j 2_j2nj 1
p2n+l p2n+3 - p2n+2 + X1 X2 (17)

| j8nj 4 j4n 2j 2,
P2nP2on+2 = Pon+r T X3 X2 : (18)

3.2 Proof of the rst recurrence

We use a decomposition of superimposedgraphsto prove equality (17). Unlike Kuo's
technique of graphical condensation,we will not usea certral graph cortaining multi-
matchings, but will instead use superpositions that only overlap on one edge,asin the
bijective proof of Lemmal. First, let G,,+; be de ned asin the previoussubsection,and
let Honez (resp. Hon 1) be constructedby taking graph G,,+3 (resp. Gon 1), re ecting it
horizontally, and then rotating the leftmost squareupwards. For corvenienceof notation
we will henceforthlet M = 2n + 1 sothat we can abbreviate thesetwo casesasHy »
(Throughout this sectionwe choosethe signof Hy ,, Gy 2 and Gy 1 by using Hzn43,
Gonsz, and Gopee if N 1 and Hy, 1, Goy 1 and Gy, if n 1.) This re ection and
rotation will not changethe number (or sum of the weights) of perfect matchings. Thus
the sum of the weights of perfect matchingsin the graph Hy , alsoequalspy .. Also,
we will let K, denotethe graph consisting of two vertices and a single edgeconnecting
them.

The graph Gy 1 can be decommsedas the union of the graphsGy,, Hy » and K,
where Gy and Hy, » are joined together on an overlapping edge(the rightmost edgeof
Gy and the leftmost edgeof Hy ;). The graph K is joined to thesegraphssothat it
connectsto the bottom-right (bottom-left) vertex of the rightmost octagon of G, and
the top-right (top-left) vertex of the leftmost octagonof H,,.+3 (H2n 1). Seethe picture
below for an examplewith Gio. The blue arcin the middle represets K ,. We will denote
this decompsition as

Guw 1 = Gul[ Hm 2[ Kz
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As in subsection2.2,welet Gt H be the graph formed by the disjoint union of graph
G and graph H. A perfect matching of Gy and a perfect matching of Hy, » will meetat
the edgeof incidencein one of four ways (verticals meeting, horizorntals meeting vertical,
verticals meeting diagonals,or horizortals meeting diagonals).

In three of the cases,edgesof weight 1 are utilized, and we can bijectively assaiate
a perfect matching of Gy, t Hy » to a perfect matching of Gy ; by removing an
edgeof weight 1 on the overlap; though it is impossibleto map to a perfect matching
of Gy 1 that usesthe edgeof K, in this way. This bijection is analogousto the one
discussedn subsection2.2. Thus we have a weigh-preserving bijection betweenf perfect
matchings of Gy 1 K, g and the setf perfect matchingsof Gy, t Hy 20 f pairs
with nontrivial incidence (horizontals meeting diagonals) g where by abuseof notation
we here and henceforthlet G K, refer to the subgraphof G with K,'s edgedeleted
(without deleting any vertices). Thus proving pon+1Pon+s Pons2 = PMPvm+2 Puw+1 =

xin*2l 2dzn L reducesto proving the following claim.

Prop osition 2. The sumof the weightsof all perfect matchingsof Gy ; that contains K,
is x!1*21 2yl2n 1 jessthan the sum of the weightsof all perfect matchingsof Gy t Hy >
that havenontrivial incidence.

Before giving the proof of this Proposition we introduce a new family of graphsthat will

allow us to write out se\eral stepsof this proof more eleganly. Forn 1, we let G+

be the graph obtained from G,,+; by deleting the outer squareon the extremeright. If

n 1, we let G,,+1 be the graph obtained from G,,+; by adjoining an outer square
on the extremeright. For example, Gy and G ; are shavn below. We let p»,+1 be the
sum of the weights of perfect matchingsin G,,.1 . Notice that this construction createsa
reciprocity sud that graphsG y = G ., 1 and Gy 14 = Goh+s areisomorphic.

O

Gg

The polynomials paq+1 and poq+1 arerelated in a very simple way.
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Lemma 3.

Poner = (X2 + D)Pane1r X{XoPon 1 forn 2 (19)
Pon+1 = (X§+ Xo+ D)Ponsz X1XoPon+s for n 2: (20)

Proof. The proof of Lemma 3 follows the samelogic as the inclusion-exclusionargumert
of section2.2 that proved Lemmal. In this case,we usethe fact that we can construct
Gon+1 by adjoining the graph G3 (resp. G 1) to Gon+1 (resp. Gah+3) on the right for
n 2(resp.n 2). It isclearthat ps = xp+ 1 (resp. p 1 = X7+ X, + 1) and the only
perfect matchings we must excludeare those that cortain a pair of diagonalsmeeting a
pair of horizontals. For the n 2 case,we must also add in those perfect matchings
that usethe rightmost arc of G,,+1 . O

Proof. (Prop. 2) By analyzinghow the inclusion of certain key edgesn a perfectmatching
dictates how the rest of the perfect matching must look, we arrive at the expressions

XIXo(Xo + 1)P2n 1Pons1 + X3X3Pon 3P forn 2 (21)
X1X2Pon+3 Pone1 + XDX5Ponss Poner fOrn 2 (22)

for the sumof the weights of all perfectmatchingsof Gy t Hy 2 with nontrivial incidence
(horizontals meeting diagonals),and expressions

X$Xo(X2 + L)Pon 1Pon+1 + X3x3p5, ; forn 2 (23)
X?le2p2n+3 p2n+1 + Xlllxgp%nﬂ fOI’ n 2 (24)

for the sum of the weights of all perfect matchings of Gy, ; usingthe K,'s edge.
To prove Proposition 2, it su ces to prove (21) = (23) + xi"x3" * and (22) = (24) +
X, *" *x,2" 1. To do so, we prove equalities

X411X2(X2 + 1)(P2n 1Pon+1 Pon+1Pon 1) = lemxgn 2+ lemxgn ! (25)

X?X%(Iff%n 1 PonsiPon 3) = X‘l‘“XE” 2 (26)

forn 2 and equalities

4n n

X1Xo(Pon+a Pons1 Pone1 Ponss) = Xq "% 2"+ X, %, 2011 (27)
2( a2 — 2]
Xlllxz(pzms Pon+1 Pon+s ) = X 4nXz " (28)

for n 2 and then subtract (25) (26) and (27) (28). After shifting indices and
dividing both sidesof equations(25) through (28) to normalize,we obtain that it su ces
to prove
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Lemma 4.

Pon 1P2n+1 PensPon 1= X70 X3 0 forn 2 (29)
= X%, (xp+ 1) forn 2 (30)

p§n+1 Pon 1Pon+s = X?Lm 4X%n 2 forn 2 (31)

= X, "%, " forn 2 (32)

We prove equations (31) and (32) simultaneously since pon+1 = P 2n+3. We prove
(31) by making superimposedgraphsinvolving G,, ; and G,,+3 and comparingit to the
superimposedgraph of Gy,.+1 with itself. PerhapsKuo's technique could be adapted to
prove (31), but instead we considera superposition overlapping over one edge,as we did
earlier in this proof. Our superimposedgraph thus resenbles G4, 1, with a double edge
somewheren the middle and a missing arc. Analogousto the analysisthat allowed us
to reduce from recurrence(17) to Proposition 2, we reduce our attention to the cases
where gluing together G,, ; and G,,+3 and decompsing bad into two copiesof Gyn+1
would not be allowed (or vice versa). This enails focusing on caseswhere horizortals
meetdiagonalsat the double edge,or the arc appearing exclusiwely in that decomposition
(and not the other) appearsin the matching.

After accouring for the possibleperfect matchings, we nd the following two expres-
sions

p%n 1X11X2(X2 + 1)+ Pon 3Pon+1 X‘11X2 (33)
Pon 3Pon+1 Xi‘Xz(Xz + l)+ p’%n 1X‘11X2 (34)

which represen the sum of the weights of nontrivial perfect matchings in the superpo-
sitions of G,,+1 and G,h+1 (resp. G,, 1 and Goy+3). Taking the di erence of thesetwo
expressionsye nd that

2 — v4iy2( 2 .
Bons1  Pon 1Pon+3 = X1X5(P5, 1 Pon 3Pon+1):

So after a simple chek of the basecase(pz psp; = Xix3) we get equation (31) by
induction.
We easily derive (29) from equations(19) and (31):

Pon 1Pon+1 Pon+1Bon 1=

((X2+ 1Pen 1 X3XoPon 3)Pansr (X2 + LB2nsr  XiX2P2n 1)B2n 1=
X{X2(Bon 1 Pon 3Pane) = X3" X5 %
We can alsoderive (30) from (32) but we rst needto prove the following Lemma:

Lemma 5.

X" 83" A(xT+ (xo+ 1)%) forn 2 (35)
X, M, (x4 + (x2+ 1)?)  forn 2: (36)

Pon+1Pon 1 Pon 3Pon+s
p2n+1 p2n 1 pZn 3p2n+3
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Proof. We prove this Lemma by using the the sametechnique that we usedto prove

equation (31). Analogously they can be proven simultaneously by proving (35) because
of the reciprocity pon+1 = P 2n+3. In this case,the superimposedgraph resenbles G4, 1

and by consideringnortrivial perfect matchings, we obtain that

p2n+lp2n 1 pZn 3p2n+3 = Xixg(pZn 1p2n 3 pZn 5p2n+l):
Since
sy PsPo = X{X5(X1 + (X2 + 1)%);
we have the desiredresult by induction. O

We thus can verify (30) algebraically by using (20), (32), and (36). Sincethe proof
of equations(29) through (32) was su cient, thus recurrence(17) is provenfor n 6 0 or
1. O

3.3 Pro of of the second recurrence

We now prove the recurrence(18) via the following two obsenations.

Lemma 6.
Pon 1Pon+a Ponsg = X130 X530 3(XT+ (X2 + 1)7) forn 2 (37)
= X, %, Yxt+ (xp+ 1)?)  forn 1: (38)

Lemma 7.
Pon+3 = ()(411 + (X2 + 1)2)p2n+1 Xéllxngn 1 forn 2 (39)
Pon 1= (XT+ X2+ D)ponas X{X3pansz forn L (40)

Proof. (Lemma 6) We easilyderive (37) from Lemmas3, 4 and 5 by the following deriva-
tion,

P2n 1P2n+3  Phn+1

= ((x2+ Dp2n 1 X1X2P2n 3)(X2+ Dpzn+a  XiX2P2n+1) (X2 + Dpzns1 XTXapon 1)?
(x2+ 1)%(P2n 1P2n+3  Phns1) + XIX3(P2n 3P2n+1 P3n 1) XiXa2(Xa + 1)(P2n 3P2n+s  Pan+1 Pan 1)
(x2+ D23 43" 2y xEx3(xAM Bx2" 4+ xfxa(xa + L)(x+ (x2+ 1)2)xIN Bx2M 4

an 4,2n 3,4 2y.
1" I3 P(xT + (x2 + 1)%):

The proof of (38) is similar and thus Lemma 6 is proved. O

Proof. (Lemma 7) Like Lemma 3, Lemma 7 can also be proven using an inclusion-
exclusion argumert. This one relies on the fact that G;,.3 is inductively built from
G2an+1 by adjoining an octagon, an arc, and two squares. Graph Gst Gy,.+1 has (x7 +
(X2 + 1)?)p2n+1 asthe sumof the weight of all its perfect matchings. Most perfect match-
ings of Gst G,,+1 mMap to a perfect matching of G,,+3 (resp. Gy, 1) with the same
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weight. The only perfect matchingsthat do not participate in the bijection are thosethat
cortain a pair of diagonalsmeeting a pair of horizortals. The sum of the weights of all
such perfect matchings is xX2(X2 + 1)pan 1 (resp. x3xa(Xz + 1)pan+3 ). However, we have
neglectedthe perfect matchingsof G,n.+3 (resp. G,, 1) that usethe onearc not appearing
in Gst Ggan41 . Correcting for this we add badk xX2p2n 1 (resp. XXapans+s). After these
subtractions and additions we do indeed obtain equation (39) for n 2 (resp. (40) for
n 1). O

We now are ready to prove (18). Usingthe rst recurrence,(17), we can rewrite the
lefthand side of (18) as

j4n 2j 2_j2n 2j
J ) X12 |

(P2n 1P2n+1 X3
which reducesto

1 j4n+2j 2_j2nj 1
)(p2n+lp2n+3 len . ijnj )

jan 2j

2 j2n 2j j8nj 4
Pon+1 (P2n 1P2n+3)  Pan+1 Xy

2 1 j4n 2j 2

X2 (p2n+3 + Xlllxngrl l) + Xl ijn J :
Using Lemma 6 and Lemma 7, this equation simpli es to p3,.,; + x‘f”j 4sz4n 42 Thus
the recurrence(18) is provenfor n 6 0 or 1. We have thus proven Theorem4 .

3.4 A combinatorial interpretation for the semicanonical basis

It wasshawn in [12]that a canonicalbasisfor the positive coneconsistsof cluster monomi-
als, that is monomialsof the form xPx;., , aswell asoneadditional sequencef elemeits,
in the ane ((2;2) or (1;4)) case. One can think of this extraneoussequenceas corre-
sponding to the imaginary roots of the Kac Moody algebra, which are of the form n
where = ;+ ,inthe(2;2)caseand2 ;+ ,in the (1;4) case.

As descritedin [12], this sequenceompletesthe canonicalbasis,and is closelyrelated
to the sequenceof s,'s which completesthe semi@nonical basis. The s,'s are de ned
as the normalized Chebyshev polynomials of the secondkind in variable z; = s; =
(X1 + (X2 + 1)?)=x2x, just asthey werein the (2;2)-case[12]. Using this de nition, we
obtain a conmbinatorial interpretation for the s,'s in the (1;4)-casejust aswe did in the
(2; 2)-case.In both casesthe non-clustermonomial elemeits of the semicanonicalbasis
werediscoreredasan auxiliary sequencen the proof of x,,'s conbinatorial interpretation.

Theorem 5. In the (1;4)-case,the Laurent polynomialss,(X1; X2), de ned as S,(z;), are
precisely pon+3 (X1; X2)=Mon+3 (X1; X2) Whele the pon+3 'S are de ned in section 3.2 (between
Proposition 2 and Lemma3) and Mzn+3 (X1;X2) = X3"X5:

Thereforethe s,'s have a conmbinatorial interpretation in terms of the graphs Gon+1
of section3.2.

Proof. Our method of proof is analogousto our proof of Lemmas1 and 3. We note that
a perfect matching of G,,+3 can be decommsedinto a perfect matching of G,,+; and
Gs (with the graph Gs on the righthand side) or will utilize the rightmost arc. Howe\er,
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there is not a bijection betweenperfect matchings avoiding the rightmost arc and perfect
matchingsof G,,.+1 t Gs sincewe must excludethosematchingsof G,,.+1 t Gs that usethe
two rightmost horizontal edgesof G,,+; and the two diagonaledgesof Gs. In conclusion,
we obtain

Ponss = Pon+1Ps+ XiXoPon 1 XiX2(X2 + 1)Pon 1 (41)
= PonsaPs  XiX5Pan 1! (42)
After dividing by mn+3, Mon+1, M2y 1, and mMs accordingly equation (42) reducesto

p2n+3 - E p2n+1 pZn 1 (43)

Mon+3 M5 Mon+1 Moy 1

and thus the p»n+3=Mo+3 'S satisfy the same recurrenceas the normalized Chelyshev
polynomials of the secondkind [4, Equation (3.2)] or [14, Equation (2)]; and thus the
samerecurrenceasthe s,'s. O

4 Comments and open problems

In both the (2,2)- and (1,4)- cases,we have now showvn that the sequenceof Laurent
polynomials f x,g de ned by the appropriate recurrenceshave numerators with positive
coe cien ts. A deeper combinatorial understandingofthe (1; 4) casemight, in combination
with what is already known about the other casesof (b;c) with bc 4, give us important
cluesinto how one might construct suitable graphs G, for the casesbc> 4.

Another direction follows from the conbinatorial interpretation of semicanonicabasis
elemetts in the (1;4)-case. This analysis motivates the question of whether or not one
can nd a family of graphssud that the sum of the weights of their perfect matchings
are preciselythe numerators of the z,'s. This would give conbinatorial interpretation to
not only the semicanonicabasis,but alsothe canonicalbasis.
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